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Abstract

Numerical Simulation of Intense Ultrafast Quantum Phenomena

Joshua Tree Karpel

Under the supervision of Professor Deniz D. Yavuz

at the University of Wisconsin–Madison

Lasers are the basis of many of the most recent exciting advances in physics, like the ever-

improving atomic clocks, the detection of gravitational waves by LIGO, or the generation of in-

credibly intense pulses of light. They are useful as a foundational tool because of their incredible

flexibility. On one end of the spectrum, they can be made so accurate that their actual waveform,

oscillating more than a million billion times per second, will be predictable for minutes. On the

other end, a laser pulse can be made so intense that it rivals the entire world’s power output, if

only for a few millionths of a billionth of a second.

This enormous range of possibilities is surely hiding a great number of possible applications. In

this work, we investigate two such possibilities. The first project is about the modeling of an optical

modulator, a device which can shift the frequency of light. Optical modulators are a foundational

technology in both commercial telecommunications and optical physics. Our design would beat the

state-of-the-art continuous-wave modulation frequency by two orders of magnitude, a significant

improvement for an important kind of device.

The second project is more exploratory. We investigate what happens when a laser pulse is used

to ionize hydrogen, but the pulse is of a comparable length to the classical orbit time of hydrogen’s

electron. We find that very counterintuitive behavior emerges at these timescales, and develop a

simple model which is able to describe this counterintuitive behavior.

These two projects are united by common techniques: we use simple, robust numerical models

of the coupled electromagnetic-quantum phenomena we are investigating. We run these models at

huge scale using high-throughput computing to explore the vast parameter spaces inherent in these

problems and find new insight.
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Chapter 0

Introduction

When one thinks about computational techniques in physics, they are often drawn to the extreme

limits of high-performance computing. Supercomputers are becoming incredibly powerful, and

much useful physics is done on them: simulations of particle interactions in detectors like the LHC,

of the motion of fluids and plasmas, or of the evolution of the entire universe from scratch. However,

this kind of computing has not found much use in atomic, molecular, and optical (AMO) physics,

where the problems generally have few enough interacting pieces to not need the enormous, focused

computational power of a supercomputer.

And yet, computational power is still needed. Although AMO physics problems don’t often

need supercomputers, there are still plenty of problems whose solutions cannot be found by hand.

We often need to computationally explore how a system behaves when the initial conditions are

different, or when some parameter of the experiment design changes. Doing this exploration densely

over large parameter spaces is still a project in extreme computing, although in our case it is high-

throughput, not high-performance.

This thesis discusses two separate (but philosophically similar) projects in the field of ultrafast

intense optics. In both projects we used simple, robust electromagnetic and quantum models. Both

projects took advantage of high-throughput computing to perform wide, dense parameter scans to

characterize the behavior of the simulated systems in different regimes. The computational power

required for any given simulation could usually be provided by a fraction of a laptop: one CPU

and a few gigabytes of memory. By keeping these requirements low, we were able to run thousands

of simulations simultaneously on resources provided locally by the Center for High-Throughput

Computing at the University of Wisconsin-Madison.

The first project is about the design of an ultrafast high-efficiency optical modulator based
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on four-wave mixing. Although conceptually similar to a standard electro-optical modulator, we

predict that this device would have a modulation frequency of roughly 10 THz, with an efficiency

exceeding 1%. The key to the extraordinary efficiency at such a large modulation frequency is

that this modulator is implemented in a high-quality microresonator. The tiny mode volume and

high quality factor of a microresonator lead to enormous electric field intensities, which drives a

nonlinear four-wave mixing process that produces the modulated light. Chapter 1 discusses this

project.

The second project was sparked by a simple question: if you try to ionize a hydrogen atom

with a pulse shorter than the classical orbital period of the electron, what happens? Classically,

one might expect that the electron cannot ionize, because it needs to interact with the nucleus to

gain enough momentum to break free. Although we only saw hints that a similar process might be

occuring quantum-mechanically, we found another equally-interesting avenue to explore: how could

pulses with smaller peak intensity possible ionize more than pulses with higher peak intensity?

Chapter 2 discusses this project.

Each chapter can be read independently. The content in the appendices is a mixture from both

projects; each appendix is referenced in the relevant section of the main text. Chronologically,

the Ionization project actually happened first, followed by the Modulation project (the order was

reversed to enhance the overall flow of this thesis).

All of the software written for these projects is home-grown and open-source:

� Modulation – Modulation simulations for the first project.

� Ionization – Ionization simulations for the second project.

� Simulacra – Support package for running simulations and creating visualizations, used by

both Modulation and Ionization.

� IDESolver – Specialized integro-differential equation solver, used by Ionization but published

separately as [1].

The material product of this thesis is largely composed of these packages. They are designed to be

reusable and extensible for future work.

https://github.com/JoshKarpel/modulation
https://github.com/JoshKarpel/ionization
https://github.com/JoshKarpel/simulacra
https://github.com/JoshKarpel/idesolver
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All of these projects depend heavily on Python’s scientific computing ecosystem, a collection

of packages for handling numerical computation and scientific visualization [2]. We have found

Python to be an effective programming language for scientific computing due to it being a fully

general-purpose language while still allowing access to efficient numerical routines through free,

open-source packages maintained by the community.

As mentioned above, our simulations were designed to be run on the Center for High Throughput

Computing’s local HTCondor high-throughput computing cluster. Starting with the Modulation

project, we accomplished this using HTMap1, a Python package that helps run Python code on

HTCondor clusters.

1Which happens to be developed by the author, in his alter-ego as a CHTC project assistant.

https://github.com/htcondor/htmap
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Chapter 1

Molecular Modulation in Microresonators

Optical modulators are powerful tools that have found a wide variety of uses, ranging from encoding

information to synthesizing ultrafast waveforms. Acousto-optical and electro-optical modulators

(AOMs and EOMs) provide frequency shifts limited to the electrical frequencies that drive them,

with a maximum of a few hundred GHz. Although new techniques continue to incrementally

improve electrically-driven modulators [3–7], there is little prospect for pushing them to significantly

higher modulation frequencies. Optical modulators with THz-scale modulation frequencies need to

be driven by optical processes [8–10].

Over the past decade The Yavuz group developed a 90 THz continuous-wave (CW) optical

modulator based on a technique called molecular modulation, a kind of driven four-wave mixing

based on CW Raman lasing [11–20]. Molecular modulation was originally developed using pulsed

pump lasers [21–32], but these systems suffer from large linewidths and low repetition rates [33].

Using CW driving beams for our modulator avoided these problems, but required the use of an

optical cavity to reach the high intensities necessary for molecular modulation to occur. Using a

large gas-filled cavity ultimately limited the usefulness of the modulator due to its complexity of

operation and sensitivity to mechanical and thermal fluctuations, all of which negatively impacted

the steady-state modulation efficiency ε.

In this project we investigated the possibility of extending our CW molecular modulation tech-

nique to solid-state Raman-active microresonators and discuss the prospective characteristics of

such a device, which we call a Microresonator-based Molecular Modulator (MMM).

Why pursue this route? Microresonator modes have small volumes and high quality factors

over a wide range of wavelengths, which make them ideal platforms for building nonlinear optical

devices like molecular modulators [34, 35]. For example, Grudinin et al. demonstrated an ultra-
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low-threshold Raman laser in a CaF2 microresonator which required just 15 µW of launched pump

power [36, 37]. Other groups have used microresonators to create high-quality stabilized optical

frequency combs or explore more exotic nonlinear behavior such as soliton formation [38–40]. As an

added benefit, the smaller overall system size and better mechanical and thermal stability offered

by microresonators will help mitigate the issues that limited the efficiency of our previous device.

Microresonators could also be integrated into complex optical systems much more readily. Overall,

microresonators are a much more promising platform for continuing to improve the efficiency and

usability of our molecular modulation technique.

The main product of this investigation was numerical simulations that indicate that an MMM

based on a silica microsphere could achieve a frequency shift of ∼ 12 THz with modulation effi-

ciencies of ε ≈ 1% at any optical wavelength. We also investigated how the performance of the

modulator varies with respect to a number of parameters, and considered how that variations

would influence the design of the device. These results were published in [41]. In the following

sections, we will introduce the theory of Raman processes in optical resonators (Section 1.2), use

it to describe driven four-wave mixing in a microresonator (Sections 1.3 and 1.4), and discuss the

numerical simulations we ran using that result (Section 1.5).

1.1 Electromagnetic Waves in a Medium

The MMM will be implemented in a electromagnetically-active medium, so we need a wave equation

that clearly shows how the electromagnetic field couples to a medium. In our particular case we

will be interested in the polarization of the material: how it responds to incident electric fields.

This derivation follows the one laid out in [42], but with emphasis on the elements that we’ll need

for modeling the MMM.
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We begin with from the differential form of Maxwell’s equations [43].

∇ ·D = ρ (1.1.1a)

∇ · B = 0 (1.1.1b)

∇×H = J +
∂D

∂t
(1.1.1c)

∇×E = −∂B
∂t

(1.1.1d)

where E is the electric field, D = ε0E + P is the electric displacement field, P is the electric

polarization field, B is the magnetic induction, H is the magnetic field, ρ is the charge

density, and J is the current density.

For simple materials we have a linear relationship between D and E: P = ε0χeE, where χe is

the electric susceptibility. Using this we write D = εE, where ε = ε0(1 + χe) is the electric

permittivity.

From this relatively-macroscopic perspective (length scales smaller than the whole experiment

but still much larger than a single atom), we can cause the frequency of light to change by causing

the polarization field to change in a time or space-dependent way. Any such dependence will couple

into the resulting E and B fields via Maxwell’s equations and end up producing an electromagnetic

wave at a different frequency than the input wave. Both time and space-dependent polarization

fields will end up causing a frequency shift, because the propagation equations couple the time-

dependent and space-dependent properties of the wave together (intuitively, we know that because

the speed of light is fixed, its wavelength and frequency are coupled). Our goal is to capture this

dependence for a propagating electromagnetic wave, so we want to write down a wave equation for

the electric field that depends explicitly on the polarization of the medium.

We will assume that we’re working in a medium that is macroscopically neutral (no free charges

or currents) and has no particular magnetic response (µ = µ0). Then we have ρ = 0, J = 0, and
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B = µ0H. Maxwell’s equations become

∇ ·D = 0 (1.1.2a)

∇ · B = 0 (1.1.2b)

∇×B = µ0
∂D

∂t
(1.1.2c)

∇×A = −∂B
∂t

(1.1.2d)

We now follow the standard steps: take the curl of the last equation, swap the time and space

derivatives, and use the third equation to simplify.

∇×E = −∂B
∂t

∇×∇×E = −∇× ∂B
∂t

∇×∇×E = − ∂

∂t
(∇×B)

∇×∇×E = − ∂

∂t

(
µ0
∂D

∂t

)

∇×∇×E + µ0
∂2D

∂t2
= 0 (1.1.3)

If we were in a linear medium we would have E = ε0εD and we would be done (ε is the relative

permittivity of the material). In a general medium we can’t do that, so instead we’ll split D into

the electric field and the polarization, yielding

∇×∇×E + µ0ε0
∂2E
∂t2

+ µ0
∂2P

∂t2
= 0

∇×∇×E +
1

c2

∂2E
∂t2

= − 1

ε0c2

∂2P

∂t2
(1.1.4)

where c = 1/
√
ε0µ0 is the speed of light in vacuum. Next we use the vector calculus identity for

the curl of the curl (∇×∇×A =∇(∇ ·A)−∇2A) to rewrite the left hand side:

∇(∇ · E)−∇2E +
1

c2

∂2E
∂t2

= − 1

ε0c2

∂2P

∂t2
(1.1.5)

Typically we would be able to remove the first term because, in a linear medium, the first Maxwell
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equation would tell us that ∇ · E is zero if there are no free charges. However, this is no longer

true: D is indeed divergence-less, but E is not necessarily a linear function of D, so there is no

guarantee that it is also divergence-less.

Luckily, there are other conditions that lead to ∇ · E being negligible. For example, we often

work with infinite plane waves, where∇·E is zero. In fact, as long as the wavefront curvature is not

too large and the electric field envelope varies slowly, the entire first term ∇(∇ · E) is negligible,

and we can drop it. We’ll do that now so that we can write

∇2E − 1

c2

∂2E
∂t2

=
1

ε0c2

∂2P

∂t2
(1.1.6)

This is the familiar electromagnetic wave equation, but with a source term on the right. In a linear

medium the source term combines with the second term on the left to cause a change in the index

of refraction. The nonlinear parts of the polarization can act as sources of electric field at new

polarizations or frequencies.

1.2 Generalized Coupled-Mode Model of Molecular Modulation

in an Optical Resonator

There are two main approaches to studying the nonlinear dynamics of electromagnetic fields in an

optical cavity. Each has their own advantages and disadvantages.

The first approach is finite element modeling. In a finite element model, the physical res-

onator is decomposed into many small pieces that are each easy to analyze, and the propagation

equations are stitched together along the boundaries. Finite element techniques are therefore capa-

ble of propagating the electric field in time and space for any cavity geometry without understanding

the resonator modes beforehand.

The second approach, which we use, is coupled mode theory. In coupled mode theory, we

decompose the electromagnetic field into the eigenmodes of the resonator. Although this decom-

position requires some up-front knowledge about the resonator’s modes, it leads to differential

equations that are more compact and intuitive than the ones provided by a finite element model.

This is a critical advantage for our purposes: it gives us a chance of interpreting the results of our
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parameter scans.

For that and other reasons, we chose to use a coupled mode theory. First, we simply have more

institutional familiarity with it inside the Yavuz group, having used it for the analysis of previous

resonators designed for the molecular modulation project [44]. Second, it leads to simpler code

with fewer external dependencies (we do not have to rely on an external finite element library).

Third (as we will see), the behavior of the model is less dependent of the physical resonator

under consideration, because only certain properties of the modes enter into the calculation. The

conclusions drawn from this model, and the code used to simulate it, are therefore much more

widely-applicable and flexible.

In this section, we will derive a set of coupled ordinary nonlinear differential equations that

describe the evolution of the electric field amplitude prefactor of each resonator eigenmode in time.

The theory will be fully general, making no assumptions whatsoever about the physical resonator

that we are modeling (besides the fact that it has eigenmodes and supports four-wave mixing, of

course).

Given a Hamiltonian for the Raman system and the initial electric field, it would technically

be possible to simply begin carrying out the entire calculation numerically via brute force. The

electric field tells us how the wavefunction evolves in time, and the wavefunction tells us what the

total polarization field is, and that tells us how the electric field evolves in time. Unfortunately,

such a calculation would perform extremely poorly in both time and space due to the number of

intermediate steps and transitions between different quantities. Instead, we will try to attack the

quantum problem enough that we can arrive at a propagation equation for the electric field modes

in terms of the electric field modes themselves. This will cut out the middle step of the calculation,

which is where the incredible complexity of the quantum system will kill us numerically. If we can

do that part on paper, we’ll be able to make a much more efficient final calculation.

Through the rest of this section we will follow the general technique of [44] to analyze the

Raman process in a resonator, but without the restriction that the relevant resonator modes form

a Raman sideband ladder. This will complicate the derivation somewhat, but not terribly, and the

final result is reasonably elegant.
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1.2.1 Hamiltonian for the Ro-Vibrational Quantum System

The Hamiltonian for the ro-vibrational Raman system is a sum of two parts, an unperturbed

Hamiltonian Ĥ0 and a perturbing Hamiltonian ĤI : Ĥ = Ĥ0 + ĤI . The unperturbed Hamiltonian

accounts for everything but the external electric fields, and the perturbing Hamiltonian account

for those external fields.

We will expand the wavefunction for a single molecule in terms of the orthonormal eigenstates

of the unperturbed Hamiltonian:

|Ψ(r, t)〉 = ca(r, t) e
−iωat |a〉+ cb(r, t) e

−iωbt |b〉+
∑

i

ci(r, t) e
−iωit |i〉 (1.2.1)

where |a〉 and |b〉 are the two ro-vibrational states we are targeting and |i〉 are the electronic states.

The position r refers to the nominal position of the molecule in space macroscopically, not to any

internal degrees of freedom. Those are entirely captured by the expansion coefficients.

In this basis, the Hamiltonians are

Ĥ0 = ~

[
ωa |a〉〈a|+ ωb |b〉〈b|+

∑

i

ωi |i〉〈i|
]

(1.2.2a)

ĤI = −E(r, t) · P̂

= −
∑

i

E(r, t) · µai |a〉〈i| −
∑

i

E(r, t) · µbi |b〉〈i|

−
∑

i

E∗(r, t) · µ∗ai |i〉〈a| −
∑

i

E∗(r, t) · µ∗bi |i〉〈b| (1.2.2b)

where we have made the dipole approximation for the interaction Hamiltonian. Note that the

direct dipole transition between |a〉 and |b〉 is not allowed (i.e., µab = 0). We also ignore any

possible transitions among the electron states |i〉, because we don’t actually expect any significant

population to be in them at any time.

This Hamiltonian is a pain to work with because it has a lot of states in it. Luckily, we don’t

actually care about the populations of the |i〉 states. We can eliminate them by decomposing the

electric field into a sum of orthogonal (not orthonormal, we aren’t going to normalize them) cavity
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modes, indexed by q:

E(r, t) =
1

2

∑

q

[
Eq(t) e−iωqt uq(r) + E∗q (t) eiωqt u∗q(r)

]
(1.2.3)

Note that this is a spatial decomposition, not a frequency decomposition. We have additionally

pulled out a mode frequency ωq, but that’s incidental. By pulling that out, we get a slowly-varying

complex amplitude coefficient Eq(t). In particular, we’re going to assume that all of the slowly

varying quantities (the cn(t) and the Eq(t)) vary much slower than the single-photon detuning from

the electron |i〉 states). Note that this decomposition is not a basis for any function, but just for

functions that satisfy the wave equation and the boundary conditions of the cavity.

1.2.2 Evolution of the Wavefunction in Time

Our first major goal is to determine the time evolution of the wavefunction. The Schrödinger

equation says that

i~
∂

∂t
|Ψ(r, t)〉 = Ĥ |Ψ(r, t)〉

= Ĥ0 |Ψ(r, t)〉+ ĤI |Ψ(r, t)〉 (1.2.4)

The left-hand side is the time derivative of (1.2.1):

i~
∂

∂t
|Ψ(r, t)〉 = [i~ ċa(r, t) + ~ωa ca(r, t)]e−iωat |a〉

+ [i~ ċb(r, t) + ~ωb cb(r, t)]e−iωbt |b〉

+
∑

i

[i~ ċi(r, t) + ~ωi ci(r, t)]e−iωit |i〉 (1.2.5)
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The first term on the right-hand side is

Ĥ0 |Ψ(r, t)〉 = ~

[
ωa |a〉〈a|+ ωb |b〉〈b|+

∑

i

ωi |i〉〈i|+ iγba |a〉〈b| − iγba |b〉〈a|
]

×


ca(r, t) e−iωat |a〉+ cb(r, t) e

−iωbt |b〉+
∑

j

cj(r, t) e
−iωjt |j〉




= ~ωa ca(r, t) e−iωat |a〉

+ ~ωb cb(r, t) e−iωbt |b〉

+
∑

i

~ωi ci(r, t) e−iωit |i〉 (1.2.6)

The second term is

ĤI |Ψ(r, t)〉 =

[
−
∑

i

E(r, t) · µai |a〉〈i| −
∑

i

E(r, t) · µbi |b〉〈i|

−
∑

i

E∗(r, t) · µ∗ai |i〉〈a| −
∑

i

E∗(r, t) · µ∗bi |i〉〈b|
]

×


ca(r, t) e−iωat |a〉+ cb(r, t) e

−iωbt |b〉+
∑

j

ci(r, t) e
−iωjt |j〉




= −
∑

i

E(r, t) · µai ci(r, t) e−iωit |a〉 −
∑

i

E(r, t) · µbi ci(r, t) e−iωit |b〉

−
∑

i

E∗(r, t) · µ∗ai ca(r, t) e−iωat |i〉 −
∑

i

E∗(r, t) · µ∗bi cb(r, t) e−iωbt |i〉 (1.2.7)

If we sum the two parts of the right-hand side and match state kets with the left-hand side (1.2.5),

we get two plus infinity (a, b, and the infinitely many i) coupled differential equations for the state

coefficients:

ċa(r, t) =
i

~
∑

i

E(r, t) · µai ci(r, t) e−i(ωi−ωa)t (1.2.8a)

ċb(r, t) =
i

~
∑

i

E(r, t) · µbi ci(r, t) e−i(ωi−ωb)t (1.2.8b)

ċi(r, t) =
i

~
E∗(r, t) ·

[
µ∗ai ca(r, t) e

i(ωi−ωa)t + µ∗bi cb(r, t) e
i(ωi−ωb)t

]
(1.2.8c)

These expressions are still exact, but there isn’t much we can do with them.
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1.2.3 Eliminating the Electronic States

Our next step will be to eliminate the equations for the ci(t) by assuming that we cannot access

the electronic states via single-photon resonant transitions. To see that dependence, we need to

insert the decomposition of the electric field into cavity modes (1.2.3) into the coupled differential

equation for ci(t) (1.2.8c) (noting that E∗ = E, because it is purely real).

ċi(r, t) =
i

~
1

2

∑

q

[
Eq(t) e−iωqt uq(r) + E∗q (t) eiωqt u∗q(r)

]

×
[
µ∗ai ca(r, t) e

i(ωi−ωa)t + µ∗bi cb(r, t) e
i(ωi−ωb)t

]

=
i

2~
∑

q

[
Eq(t) e−iωqt uq(r) · µ∗ai ca(r, t) ei(ωi−ωa)t

+ E∗q (t) eiωqt u∗q(r) · µ∗ai ca(r, t) ei(ωi−ωa)t

+ Eq(t) e−iωqt uq(r) · µ∗bi cb(r, t) ei(ωi−ωb)t

+E∗q (t) eiωqt u∗q(r) · µ∗bi cb(r, t) ei(ωi−ωb)t
]

=
i

2~
∑

q

[
Eq(t) uq(r) · µ∗ai ca(r, t) ei(ωi−ωa−ωq)t

+ E∗q (t) u∗q(r) · µ∗ai ca(r, t) ei(ωi−ωa+ωq)t

+ Eq(t) uq(r) · µ∗bi cb(r, t) ei(ωi−ωb−ωq)t

+E∗q (t) u∗q(r) · µ∗bi cb(r, t) ei(ωi−ωb+ωq)t
]

(1.2.9)

Because we aren’t near any single-photon resonances, all of the frequency differences in the ex-

ponentials are large, and are much faster than the variation in ca(t), cb(t), or Eq, which are all

slowly-varying envelopes. We are therefore justified in treating them as constants and formally
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integrating this equation in time, using
∫
eαt = eαt/α:

ci(r, t) =
1

2~
∑

q

[Eq(t) uq(r) · µ∗ai ca(r, t)
ωi − ωa − ωq

ei(ωi−ωa−ωq)t

+
E∗q (t)u∗q(r) · µ∗ai ca(r, t)

ωi − ωa + ωq
ei(ωi−ωa+ωq)t

+
Eq(t) uq(r) · µ∗bi cb(r, t)

ωi − ωb − ωq
ei(ωi−ωb−ωq)t

+
E∗q (t)u∗q(r) · µ∗bi cb(r, t)

ωi − ωb + ωq
ei(ωi−ωb+ωq)t

]
(1.2.10)

If we plug in the electric field decomposition into cb(r, t), we find that

ċb(r, t) =
i

~
∑

i

1

2

∑

q

[
Eq(t) e−iωqt uq(r) + E∗q (t) eiωqt u∗q(r)

]
· µbi ci(r, t) e−i(ωi−ωb)t

=
i

2~
∑

i

∑

q

[
Eq(t) uq(r) · µbi e−i(ωi−ωb+ωq)t + E∗q (t) u∗q(r) · µbi e−i(ωi−ωb−ωq)t

]
ci(r, t)

(1.2.11)

Now we plug in ci(t) from (1.2.10):

ċb(r, t) =
i

4~2

∑

i

∑

q

[
Eq(t) uq(r) · µbi e−i(ωi−ωb+ωq)t + E∗q (t) u∗q(r) · µbi e−i(ωi−ωb−ωq)t

]

×
∑

r

[Er(t) ur(r) · µ∗ai ca(r, t)
ωi − ωa − ωr

ei(ωi−ωa−ωr)t

+
E∗r (t)u∗r(r) · µ∗ai ca(r, t)

ωi − ωa + ωr
ei(ωi−ωa+ωr)t

+
Er(t) ur(r) · µ∗bi cb(r, t)

ωi − ωb − ωr
ei(ωi−ωb−ωr)t

+
E∗r (t)u∗r(r) · µ∗bi cb(r, t)

ωi − ωb + ωr
ei(ωi−ωb+ωr)t

]
(1.2.12)
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This product results in eight terms:

ċb(r, t) =
i

4~2

∑

i

∑

q

∑

r

[

Eq(t) Er(t) [uq(r) · µbi][ur(r) · µ∗ai]
ωi − ωa − ωr

e−i(ωa−ωb+ωq+ωr)t ca(r, t)

+
Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗ai]

ωi − ωa + ωr
e−i(ωa−ωb+ωq−ωr)t ca(r, t)

+
Eq(t) Er(t) [uq(r) · µbi][ur(r) · µ∗bi]

ωi − ωb − ωr
e−i(ωq+ωr)t cb(r, t)

+
Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗bi]

ωi − ωb + ωr
e−i(ωq−ωr)t cb(r, t)

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗ai]

ωi − ωa − ωr
e−i(ωa−ωb−ωq+ωr)t ca(r, t)

+
E∗q (t) E∗r (t)

[
u∗q(r) · µbi

]
[u∗r(r) · µ∗ai]

ωi − ωa + ωr
e−i(ωa−ωb−ωq−ωr)t ca(r, t)

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗bi]

ωi − ωb − ωr
e−i(−ωq+ωr)t cb(r, t)

+
E∗q (t) E∗r (t)

[
u∗q(r) · µbi

]
[u∗r(r) · µ∗bi]

ωi − ωb + ωr
e−i(−ωq−ωr)t cb(r, t)

]
(1.2.13)

Note that there was a great deal of cancellation in the frequency and decay terms. Be careful with

the “product of dot products” - there is no dot product between the two cavity modes!

At this point we’ll make a big assumption: that the system is almost always in the ground state,

so that ca(t) ≈ 1 for all times t. Additionally, cb(r, t) is slowly-varying in time, so we can neglect

any terms where the exponential cannot cancel down to near-zero frequency. The only terms where

this can happen are ones where we have the same number of positive and negative frequencies in

the exponents. Equivalently, they are the only terms where the two electric field mode expansion

coefficients are not both conjugated or un-conjugated. Those are the second, fourth, fifth, and
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seventh terms, which leaves us with

ċb(r, t) =
i

4~2

∑

i

∑

q

∑

r

[

Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗ai]
ωi − ωa + ωr

e−i(ωa−ωb+ωq−ωr)t

+
Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗bi]

ωi − ωb + ωr
e−i(ωq−ωr)t cb(r, t)

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗ai]

ωi − ωa − ωr
e−i(ωa−ωb−ωq+ωr)t

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗bi]

ωi − ωb − ωr
e−i(−ωq+ωr)t cb(r, t)

]
(1.2.14)

Note that we cannot set q = r in the first and third lines of the result because the cavity modes

may be degenerate in frequency. We have also replaced ca(r, t) with 1.

Now, since we know that all of exponents are still oscillating faster than any of the expansion

coefficients, we integrate these equations in time to determine cb(r, t):

cb(r, t) =
1

4~2

∑

i

∑

q

∑

r

[

Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗ai]
(ωi − ωa + ωr)(ωa − ωb + ωq − ωr)

e−i(ωa−ωb+ωq−ωr)t

+
Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗bi]

(ωi − ωb + ωr)(ωq − ωr)
e−i(ωq−ωr)t cb(r, t)

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗ai]

(ωi − ωa − ωr)(ωa − ωb − ωq + ωr)
e−i(ωa−ωb−ωq+ωr)t

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗bi]

(ωi − ωb − ωr)(−ωq + ωr)
e−i(−ωq+ωr)t cb(r, t)

]
(1.2.15)

Solving for cb(r, t) yields

cb(r, t) =
1

4~2

∑
i,q,r [A+B]

1− 1
4~2

∑
i,q,r [C +D]

(1.2.16)
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where

A =
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗ai]

(ωi − ωa − ωr)(ωa − ωb − ωq + ωr)
e−i(ωa−ωb−ωq+ωr)t (1.2.17a)

B =
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗ai]

(ωi − ωa − ωr)(ωa − ωb − ωq + ωr)
e−i(ωa−ωb−ωq+ωr)t (1.2.17b)

C =
Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗bi]

(ωi − ωb + ωr)(ωq − ωr)
e−i(ωq−ωr)t (1.2.17c)

D =
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗bi]

(ωi − ωb − ωr)(−ωq + ωr)
e−i(−ωq+ωr)t (1.2.17d)

We will assume that the last two terms in the denominator are small enough that the denominator

is always approximately equal to 1. Then we have

cb(r, t) =
1

4~2

∑

i,q,r

[Eq(t) E∗r (t) [uq(r) · µbi][u∗r(r) · µ∗ai]
(ωi − ωa + ωr)∆qr

e−i∆qrt

+
E∗q (t) Er(t)

[
u∗q(r) · µbi

]
[ur(r) · µ∗ai]

(ωi − ωa − ωr)∆rq
e−i∆rqt

]
(1.2.18)

where

∆xy = (ωx − ωy)− ωm = (ωx − ωy)− (ωb − ωa) (1.2.19)

is a two-photon detuning from the modulation frequency ωm = ωb − ωa. Note that ∆qr 6= −∆rq.

1.2.4 Assuming an Isotropic Medium

If the medium is isotropic, we have uq(r) · µ = uq(r) µ̄, where uq(r) is the magnitude of the mode

shape function at position r, and µ̄ is the magnitude of the ensemble-average dipole moment of

the medium. We don’t really know how to calculate µ̄ from the actual microscopic quantum dipole

moments, so this will essentially end up being a free parameter that we need to set based on
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experimental measurements of the medium. Now we have

cb(r, t) =
1

4~2

∑

q,r

[[∑

i

µ̄aiµ̄bi
ωi − ωa + ωr

]
Eq(t) E∗r (t)uq(r)ur(r)

∆qr
e−i∆qrt

+

[∑

i

µ̄aiµ̄bi
ωi − ωa − ωr

]
E∗q (t) Er(t) uq(r)ur(r)

∆rq
e−i∆rqt

]
(1.2.20)

Define

Eqr = Eq(t) E∗r (t) = (Erq)∗ (1.2.21a)

uqr = uq(r)ur(r) = (uqr)
∗ (1.2.21b)

θqr = e−i(ωq−ωr)t (1.2.21c)

ωxyz···abc··· = ωa + ωb + ωc + · · · − ωx − ωy − ωz − · · · (1.2.21d)

Then we can compact the above expression down to

cb(r, t) =
1

4~2

∑

q,r

uqr

[[∑

i

µ̄aiµ̄bi
ωair

]
Eqr
∆qr

θqr θab +

[∑

i

µ̄aiµ̄bi
ωari

]
Erq
∆rq

θrq θab

]
(1.2.22)

1.2.5 The Macroscopic Nonlinear Polarization

Now that we know the quantum state of the microsystems that compose the medium, we can

determine the polarization of a single microsystem P(r, t). The polarization will then tell us how

the electric field propagates through the medium through a wave equation derived from Maxwell’s

equations. Note that this is only the nonlinear part of the polarization. The linear part should be

included post-facto using a measured index of refraction.

By definition, the macroscopic polarization is the expectation value of the polarization operator:

P(r, t) = 〈Ψ(t)|P̂|Ψ(t)〉 (1.2.23)

where

P̂ = −
∑

i

µai |a〉〈i| −
∑

i

µbi |b〉〈i| −
∑

i

µ∗ai |i〉〈a| −
∑

i

µ∗bi |i〉〈b| (1.2.24)
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Let’s calculate P̂ |Ψ(t)〉 first, using the wavefunction expansion (1.2.1):

P̂ |Ψ(t)〉 =

(∑

i

µai |a〉〈i|+
∑

i

µbi |b〉〈i|+
∑

i

µ∗ai |i〉〈a|+
∑

i

µ∗bi |i〉〈b|
)

×
(
ca(r, t) e

−iωat |a〉+ cb(r, t) e
−iωbt |b〉+

∑

i

ci(r, t) e
−iωit |i〉

)

=
∑

i

µai ci(r, t) e
−iωit |a〉+

∑

i

µbi ci(r, t) e
−iωit |b〉

+
∑

i

µ∗ai ca(r, t) e
−iωat |i〉+

∑

i

µ∗bi cb(r, t) e
−iωbt |i〉 (1.2.25)

Now act on that from the left with 〈Ψ(r, t)|:

P(r, t) = 〈Ψ(t)|P̂|Ψ(t)〉

=

(
c∗a(r, t) e

iωat 〈a|+ c∗b(r, t) e
iωbt 〈b|+

∑

i

c∗i (r, t) e
iωit 〈i|

)

×
(∑

i

µai ci(r, t) e
−iωit |a〉+

∑

i

µbi ci(r, t) e
−iωit |b〉

+
∑

i

µ∗ai ca(r, t) e
−iωat |i〉+

∑

i

µ∗bi cb(r, t) e
−iωbt |i〉)

)

=
∑

i

µai c
∗
a(r, t) ci(r, t) e

i(ωa−ωi)t +
∑

i

µbi c
∗
b(r, t) ci(r, t) e

i(ωb−ωi)t

+
∑

i

µ∗ai ca(r, t) c
∗
i (r, t) e

i(ωi−ωa)t +
∑

i

µ∗bi cb(r, t) c
∗
i (r, t) e

i(ωi−ωb)t (1.2.26)
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Unfortunately, we now need to plug in ci(r, t) from (1.2.10). Take it term-by-term. The first is

∑

i

µai c
∗
a(r, t) ci(r, t) e

i(ωa−ωi)t =
∑

i

µai c
∗
a(r, t) e

i(ωa−ωi)t

× 1

2~
∑

q

[Eq(t) uq(r) · µ∗ai ca(r, t)
ωi − ωa − ωq

ei(ωi−ωa−ωq)t

+
E∗q (t)u∗q(r) · µ∗ai ca(r, t)

ωi − ωa + ωq
ei(ωi−ωa+ωq)t

+
Eq(t) uq(r) · µ∗bi cb(r, t)

ωi − ωb − ωq
ei(ωi−ωb−ωq)t

+
E∗q (t)u∗q(r) · µ∗bi cb(r, t)

ωi − ωb + ωq
ei(ωi−ωb+ωq)t

]

=
1

2~
∑

i

∑

q

Eq(t)µai
[
uq(r) · µ∗ai

]

ωi − ωa − ωq
|ca(r, t)|2 e−iωqt

+
1

2~
∑

i

∑

q

E∗q (t)µai
[
u∗q(r) · µ∗ai

]

ωi − ωa + ωq
|ca(r, t)|2 eiωqt

+
1

2~
∑

i

∑

q

Eq(t)µai
[
uq(r) · µ∗bi

]

ωi − ωb − ωq
c∗a(r, t) cb(r, t) e

i(ωa−ωb−ωq)t

+
1

2~
∑

i

∑

q

E∗q (t)µai
[
u∗q(r) · µ∗bi

]

ωi − ωb + ωq
c∗a(r, t) cb(r, t) e

i(ωa−ωb+ωq)t

(1.2.27)
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The second term is

∑

i

µbi c
∗
b(r, t) ci(r, t) e

i(ωb−ωi)t =
∑

i

µbi c
∗
b(r, t) e

i(ωb−ωi)t

× 1

2~
∑

q

[Eq(t) uq(r) · µ∗ai ca(r, t)
ωi − ωa − ωq

ei(ωi−ωa−ωq)t

+
E∗q (t)u∗q(r) · µ∗ai ca(r, t)

ωi − ωa + ωq
ei(ωi−ωa+ωq)t

+
Eq(t) uq(r) · µ∗bi cb(r, t)

ωi − ωb − ωq
ei(ωi−ωb−ωq)t

+
E∗q (t)u∗q(r) · µ∗bi cb(r, t)

ωi − ωb + ωq
ei(ωi−ωb+ωq)t

]

=
1

2~
∑

i

∑

q

Eq(t)µbi
[
uq(r) · µ∗ai

]

ωi − ωa − ωq
ca(r, t) c

∗
b(r, t) e

i(ωb−ωa−ωq)t

+
1

2~
∑

i

∑

q

E∗q (t)µbi
[
u∗q(r) · µ∗ai

]

ωi − ωa + ωq
ca(r, t) c

∗
b(r, t) e

i(ωb−ωa+ωq)t

+
1

2~
∑

i

∑

q

Eq(t)µbi
[
uq(r) · µ∗bi

]

ωi − ωb − ωq
|cb(r, t)|2 e−iωqt

+
1

2~
∑

i

∑

q

E∗q (t)µbi
[
u∗q(r) · µ∗bi

]

ωi − ωb + ωq
|cb(r, t)|2 eiωqt (1.2.28)

Because of the symmetry in the product, the third and fourth terms are the complex conjugates

of the first and second terms, respectively. The products of states coefficients are density matrix

elements. Grouping by frequency and density matrix element, the entire sum of sixteen terms can
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be written as

P(r, t) =
1

2~
∑

i

∑

q

[(
Eq(t)µai

[
uq(r) · µ∗ai

]

ωi − ωa − ωq
+
Eq(t)µ∗ai

[
uq(r) · µai

]

ωi − ωa + ωq

)
|ca(r, t)|2 e−iωqt

+

(
E∗q (t)µai

[
u∗q(r) · µ∗ai

]

ωi − ωa + ωq
+
E∗q (t)µ∗ai

[
u∗q(r) · µai

]

ωi − ωa − ωq

)
|ca(r, t)|2 eiωqt

+

(
Eq(t)µbi

[
uq(r) · µ∗ai

]

ωi − ωa − ωq
+
Eq(t)µ∗ai

[
uq(r) · µbi

]

ωi − ωb + ωq

)
ca(r, t)c

∗
b(r, t)e

i(ωb−ωa)te−iωqt

+

(
E∗q (t)µbi

[
u∗q(r) · µ∗ai

]

ωi − ωa + ωq
+
E∗q (t)µ∗ai

[
u∗q(r) · µbi

]

ωi − ωb − ωq

)
ca(r, t)c

∗
b(r, t)e

i(ωb−ωa)teiωqt

+

(
Eq(t)µai

[
uq(r) · µ∗bi

]

ωi − ωb − ωq
+
Eq(t)µ∗bi

[
uq(r) · µai

]

ωi − ωa + ωq

)
c∗a(r, t)cb(r, t)e

−i(ωb−ωa)te−iωqt

+

(
E∗q (t)µai

[
u∗q(r) · µ∗bi

]

ωi − ωb + ωq
+
E∗q (t)µ∗bi

[
u∗q(r) · µai

]

ωi − ωa − ωq

)
c∗a(r, t)cb(r, t)e

−i(ωb−ωa)teiωqt

+

(
Eq(t)µbi

[
uq(r) · µ∗bi

]

ωi − ωb − ωq
+
Eq(t)µ∗bi

[
uq(r) · µbi

]

ωi − ωb + ωq

)
|cb(r, t)|2e−iωqt

+

(
E∗q (t)µbi

[
u∗q(r) · µ∗bi

]

ωi − ωb + ωq
+
E∗q (t)µ∗bi

[
u∗q(r) · µbi

]

ωi − ωb − ωq

)
|cb(r, t)|2eiωqt

]
(1.2.29)

Recall that we are assuming that ca(r, t) ≈ 1 and that cb(r, t) is therefore small enough that

|cb(r, t)|2 ≈ 0. Then we have

P(r, t) =
1

2~
∑

i

∑

q

[(
Eq(t)µai

[
uq(r) · µ∗ai

]

ωi − ωa − ωq
+
Eq(t)µ∗ai

[
uq(r) · µai

]

ωi − ωa + ωq

)
e−iωqt

+

(
E∗q (t)µai

[
u∗q(r) · µ∗ai

]

ωi − ωa + ωq
+
E∗q (t)µ∗ai

[
u∗q(r) · µai

]

ωi − ωa − ωq

)
eiωqt

+

(
Eq(t)µbi

[
uq(r) · µ∗ai

]

ωi − ωa − ωq
+
Eq(t)µ∗ai

[
uq(r) · µbi

]

ωi − ωb + ωq

)
c∗b(r, t) e

i(ωb−ωa)t e−iωqt

+

(
E∗q (t)µbi

[
u∗q(r) · µ∗ai

]

ωi − ωa + ωq
+
E∗q (t)µ∗ai

[
u∗q(r) · µbi

]

ωi − ωb − ωq

)
c∗b(r, t) e

i(ωb−ωa)t eiωqt

+

(
Eq(t)µai

[
uq(r) · µ∗bi

]

ωi − ωb − ωq
+
Eq(t)µ∗bi

[
uq(r) · µai

]

ωi − ωa + ωq

)
cb(r, t) e

−i(ωb−ωa)t e−iωqt

+

(
E∗q (t)µai

[
u∗q(r) · µ∗bi

]

ωi − ωb + ωq
+
E∗q (t)µ∗bi

[
u∗q(r) · µai

]

ωi − ωa − ωq

)
cb(r, t) e

−i(ωb−ωa)t eiωqt

]

(1.2.30)
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Compactify:

P(r, t) =
1

2~
∑

q

[[∑

i

(
µai
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µai

]

ωqia

)]
Eq(t) e−iωqt

+

[∑

i

(
µai
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µai

]

ωaqi

)]
E∗q (t) eiωqt

+

[∑

i

(
µbi
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µbi

]

ωbiq

)]
Eq(t) c∗b(r, t) θab e−iωqt

+

[∑

i

(
µbi
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µbi

]

ωbqi

)]
E∗q (t) c∗b(r, t) θab e

iωqt

+

[∑

i

(
µai
[
uq(r) · µ∗bi

]

ωbqi
+

µ∗bi
[
uq(r) · µai

]

ωaiq

)]
Eq(t) cb(r, t) θba e−iωqt

+

[∑

i

(
µai
[
u∗q(r) · µ∗bi

]

ωbiq
+

µ∗bi
[
u∗q(r) · µai

]

ωaqi

)]
E∗q (t) cb(r, t) θba e

iωqt

]
(1.2.31)

Next we’ll insert cb from (1.2.22). Also, we’ll allow the two-photon detuning to be complex to
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account for the decay of the excited state |b〉 (i.e., ωb → ωb + iγb).

P(r, t) =
1

8~3

∑

q

[
4~2

[∑

i

(
µai
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µai

]

ωqia

)]
Eq e−iωqt

+4~2

[∑

i

(
µai
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µai

]

ωaqi

)]
E∗q eiωqt

+

[∑

i

(
µbi
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µbi

]

ωbiq

)]
Eq
∑

s,t


∑

j

µ̄ajµ̄bj
ωajt


Ets ust

∆∗st
θts θba θab e

−iωqt

+

[∑

i

(
µbi
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µbi

]

ωbiq

)]
Eq
∑

s,t


∑

j

µ̄ajµ̄bj
ωatj


Est ust

∆∗ts
θst θba θab e

−iωqt

+

[∑

i

(
µbi
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µbi

]

ωbqi

)]
E∗q
∑

s,t


∑

j

µ̄ajµ̄bj
ωajt


Ets ust

∆∗st
θts θba θab e

iωqt

+

[∑

i

(
µbi
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µbi

]

ωbqi

)]
E∗q
∑

s,t


∑

j

µ̄ajµ̄bj
ωatj


Est ust

∆∗ts
θst θba θab e

iωqt

+

[∑

i

(
µai
[
uq(r) · µ∗bi

]

ωbqi
+

µ∗bi
[
uq(r) · µai

]

ωaiq

)]
Eq
∑

s,t


∑

j

µ̄ajµ̄bj
ωajt


Est ust

∆st

θst θab θba e
−iωqt

+

[∑

i

(
µai
[
uq(r) · µ∗bi

]

ωbqi
+

µ∗bi
[
uq(r) · µai

]

ωaiq

)]
Eq
∑

s,t


∑

j

µ̄ajµ̄bj
ωatj


Ets ust

∆ts

θts θab θba e
−iωqt

+

[∑

i

(
µai
[
u∗q(r) · µ∗bi

]

ωbiq
+

µ∗bi
[
u∗q(r) · µai

]

ωaqi

)]
E∗q
∑

s,t


∑

j

µ̄ajµ̄bj
ωajt


Est ust

∆st

θst θab θba e
iωqt

+

[∑

i

(
µai
[
u∗q(r) · µ∗bi

]

ωbiq
+

µ∗bi
[
u∗q(r) · µai

]

ωaqi

)]
E∗q
∑

s,t


∑

j

µ̄ajµ̄bj
ωatj


Ets ust

∆ts

θts θab θba e
iωqt

]

(1.2.32)
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Simplify:

P(r, t) =
1

8~3

[
4~2

∑

q

[∑

i

(
µai
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µai

]

ωqia

)]
Eq e−iωqt

+4~2
∑

q

[∑

i

(
µai
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µai

]

ωaqi

)]
E∗q eiωqt

+
∑

q,s,t


∑

i,j

(
µbi
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µbi

]

ωbiq

)
µ̄ajµ̄bj
ωajt


 EqEtE

∗
s ust

∆∗st
e−i(ωt−ωs+ωq)t

+
∑

q,s,t


∑

i,j

(
µbi
[
uq(r) · µ∗ai

]

ωaqi
+

µ∗ai
[
uq(r) · µbi

]

ωbiq

)
µ̄ajµ̄bj
ωatj


 EqEsE

∗
t ust

∆∗ts
e−i(ωs−ωt+ωq)t

+
∑

q,s,t


∑

i,j

(
µbi
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µbi

]

ωbqi

)
µ̄ajµ̄bj
ωajt


 E

∗
q EtE∗s ust

∆∗st
e−i(ωt−ωs−ωq)t

+
∑

q,s,t


∑

i,j

(
µbi
[
u∗q(r) · µ∗ai

]

ωaiq
+

µ∗ai
[
u∗q(r) · µbi

]

ωbqi

)
µ̄ajµ̄bj
ωatj


 E

∗
q EsE∗t ust

∆∗ts
e−i(ωs−ωt−ωq)t

+
∑

q,s,t


∑

i,j

(
µai
[
uq(r) · µ∗bi

]

ωbqi
+

µ∗bi
[
uq(r) · µai

]

ωaiq

)
µ̄ajµ̄bj
ωajt


 EqEsE

∗
t ust

∆st

e−i(ωs−ωt+ωq)t

+
∑

q,s,t


∑

i,j

(
µai
[
uq(r) · µ∗bi

]

ωbqi
+

µ∗bi
[
uq(r) · µai

]

ωaiq

)
µ̄ajµ̄bj
ωatj


 EqEtE

∗
s ust

∆ts

e−i(ωt−ωs+ωq)t

+
∑

q,s,t


∑

i,j

(
µai
[
u∗q(r) · µ∗bi

]

ωbiq
+

µ∗bi
[
u∗q(r) · µai

]

ωaqi

)
µ̄ajµ̄bj
ωajt


 E

∗
q EsE∗t ust

∆st

e−i(ωs−ωt−ωq)t

+
∑

q,s,t


∑

i,j

(
µai
[
u∗q(r) · µ∗bi

]

ωbiq
+

µ∗bi
[
u∗q(r) · µai

]

ωaqi

)
µ̄ajµ̄bj
ωatj


 E

∗
q EtE∗s ust

∆ts

e−i(ωt−ωs−ωq)t

]

(1.2.33)

1.2.6 Decomposition of the Polarization into Cavity Modes

We decompose the polarization into cavity modes:

P(r, t) =
1

2

∑

r

[
Pr(t) ur(r) e−iωrt + P ∗r (t) u∗r(r) eiωrt

]
(1.2.34)
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This decomposition is reasonable to use because the propagation equation for the cavity modes in

terms of the nonlinear polarization is

∂Er(t)
∂t

= i
N

2

ωr

ε0 ε(1)(ωr)
Pr(t) (1.2.35)

which is linear in the polarization. N is the number density of polarizable particles. Therefore,

although the polarization in mode r is produced nonlinearly, it couples to the electric field mode r

linearly. Note that the first term of (1.2.29) is actually linear, not nonlinear. We will thus ignore

it in further calculations; it would contribute to the index of refraction, which we already know we

are going to deal with post-facto.

Now compare Equation (1.2.29) to (1.2.35). The two expressions for P(r, t) must agree, so

any terms that have a e−iωrt in them must belong to the first term in the decomposition (1.2.34),

because we have explicitly extracted that term and know that no other terms inside can contribute

that frequency [45]. Unfortunately, there are still many terms in (1.2.33) with that frequency.

However, some of the terms simply cannot agree: the second term has a single frequency with the

wrong sign, so that will never work. We can also assume that over the range of frequencies we care

about, we won’t be able to match frequencies if two of the three frequencies are negative. Therefore,

we save only the first, third, fourth, seventh, and eighth terms. Also, choose a single cavity mode
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R with frequency ωR and multiply both sides by the complex conjugate of that spatial mode:

∑

r

Pr(t) ur(r) · u∗R(r) e−iωrt

=
1

4~3

[∑

q,s,t


∑

i,j

(
[u∗R(r) · µbi]

[
uq(r) · µ∗ai

]

ωaqi
+

[u∗R(r) · µ∗ai]
[
uq(r) · µbi

]

ωbiq

)
µ̄ajµ̄bj
ωajt




×
EqEtE∗s utus

∆∗st
e−i(ωq−ωs+ωt)t

+
∑

q,s,t


∑

i,j

(
[u∗R(r) · µbi]

[
uq(r) · µ∗ai

]

ωaqi
+

[u∗R(r) · µ∗ai]
[
uq(r) · µbi

]

ωbiq

)
µ̄ajµ̄bj
ωatj




×
EqE∗t Es utus

∆∗ts
e−i(ωs−ωt+ωq)t

+
∑

q,s,t


∑

i,j

(
[u∗R(r) · µai]

[
uq(r) · µ∗bi

]

ωbqi
+

[u∗R(r) · µ∗bi]
[
uq(r) · µai

]

ωaiq

)
µ̄ajµ̄bj
ωajt
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(1.2.36)

Use the assumption that the medium is isotropic to simplify the quantum coupling factors on the

right:

∑

r

Pr(t) ur(r) · u∗R(r) e−iωrt

=
1
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]
(1.2.37)
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Now we will integrate over all of space. On the left, this collapses the sum, yielding just the mode

volume of mode R times the polarization expansion coefficient PR(t). On the right, we’ll get volume

integrals of products of modes, but only over the volume of the sphere, because outside the sphere

the dipole moments µ are zero. Define the multi-mode volume

Vab···(v) =

∫

v
d3r uaub · · · , (1.2.38)

where v represents the volume to be integrated over. It is either v, which represents the cavity

volume, or ∞, for all of space. The standard “mode volume” of a mode q is then given by Vqq(∞).

Because the mode volume outside of the resonator are negligible for good modes, we will generally

drop the volume-specification part of the notation and only perform the integral over the resonator

volume. The ordering of the indices doesn’t matter.

PR(t)VRR e
−iωRt =

VRqts
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(1.2.39)

Technically, we’re done, because we could move everything but PR(t) to the right and write

down a propagation equation for the electric field modes in time purely in terms of the electric field

modes using (1.2.35). However, as we will discuss in the next section, this is not practical.

1.2.7 Simplifications to Reduce Computational Complexity

Unfortunately, (1.2.39) would be quite expensive to compute numerically, and would require detailed

knowledge of a huge number of dipole moments. It also isn’t very easy to work with by hand.

Therefore, we will make some further assumptions which will let us dramatically simplify it into a
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form that we (and the computer) can wrap our heads around.

They key assumption to simplifying (1.2.39) is to try to collapse it into a single term inside the

sum. As a first step, swap the indices t and s in the second and third lines, then join them to the

first and fourth lines respectively:

PR(t)VRR e
−iωRt

=
VRqts
4~3

[∑

q,s,t


∑

i,j

µ̄biµ̄aiµ̄ajµ̄bj
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]

(1.2.40)

Now we will make as assumption: the sum over i, j in each of the two terms is the same quantity,

C2, with

C2 =
µ4

δ2
(1.2.41)

where µ and δ are a representative dipole moment and frequency (which we need not ever actually

specify, if we have some other way of determining C2). Now we can join those two terms together,

leaving us with a single term on the right:

PR(t)VRR e
−iωRt =

C2VRqts
4~3

∑

q,s,t

EqEtE∗s
(

1

∆∗st
+

1

∆ts

)
e−i(ωq−ωs+ωt)t (1.2.42)

Move the other factors on the left to the right:

PR(t) =
C2

4~3

∑

q,s,t

EqEtE∗s
VRqts
VRR

(
1

∆∗st
+

1

∆ts

)
e−i(ωq−ωs+ωt−ωR)t (1.2.43)

And finally, switch around the indices to get to a nice representation:

Pq(t) =
C2

4~3

∑

r,s,t

ErE∗s Et
Vrstq
Vqq

(
1

∆∗st
+

1

∆ts

)
e−i(ωr−ωs+ωt−ωq)t (1.2.44)
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1.2.8 Mode Amplitude Propagation Equation

We can plug (1.2.44) into (1.2.35) to get a propagation equation for the mode amplitude of mode

q in terms of all of the mode amplitudes:

Ėq = i
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3

∑

r,s,t

ErE∗s Et
Vrstq
Vqq

(
1

∆∗st
+

1

∆ts

)
e−i∆rstqt (1.2.45)

where ∆rsqt = ωr − ωs + ωt − ωq.

However, this is only the part of the propagation equation that involves the polarization. There

are two more terms: one to account for the decay of light from the resonator, and another to

account for any input light which couples to the resonator. Therefore, we won’t be able to write

down the complete propagation equation until we describe the properties of the resonator we are

working in. This is the subject of the next section.

As a sanity check, one might wonder whether this is actually a super-model of the more typical

sideband model. We show that this is indeed the case in Appendix B.

1.3 Coupling Light to Microresonators

The next thing we need to understand is how to couple light into and out of the resonator. There

are many ways to do this for a microresonator. One of the first ways researchers developed was to

simply blast microspheres with a focused laser beam [34]. This turns out to be terribly inefficient

for the same reason that the mode have excellent quality factors: they simply don’t couple well

to external propagating electromagnetic waves. A better but much more technically challenging

technique involves coupling to the microsphere via frustrated evanescent waves. It turns out that

this process can be extremely efficient, reaching coupling efficiencies of more than 99% with excellent

mode selectivity [46, 47].

This is very much unlike how mode-matching works in Fabry-Perot cavity, where (depending on

the cavity geometry) it may be impossible to separate the even-m modes from each other, and the

coupling may never go above a few tens of percent. The key difference is that the evanescent coupling

is essentially a tunneling process, and we know from the equivalent quantum mechanics problem

that the tunneling probability through a barrier can approach 100% when certain conditions are
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met.

There are several ways to implement the evanescent coupling in a more controlled way One of

the first was to bounce a laser off the back surface of a prism at the prism’s critical angle, creating

an evanescent wave emanating from the back surface [48, 49]. Unfortunately, this doesn’t give much

control over the coupling properties, and leads to very non-ideal coupling (in the technical sense,

not the colloquial). A better way, and what is commonly used in modern setups, is to couple light

to the microsphere using a “tapered fiber”, a normal fiber-optic cable that has been heated and

stretched to form a thin (a few µm) waveguide. Such a waveguide has a long evanescent tail, and

if it can be maneuvered to within a few wavelengths of the microsphere, the evanescent wave will

become frustrated. Effectively, photons will tunnel from the tapered fiber (sometimes just referred

to as a “taper” in the literature) directly into the microsphere [47]. We need to understand how to

model these kinds of processes at the level of the electric field amplitude in the resonator modes.

Because our goal is a full time-dependent model of the cavity modes, we need to understand

how energy leaks out of the modes, and how to give energy to the modes from an external source,

like a laser beam. However, we don’t want to get too specific about the details of the coupling

scheme yet, just like we didn’t get too specific about the actual physical resonator in the previous

section. Thus, we will need to start with a theoretical model of a resonator coupled to an energy

source or sink that is independent of any specific physical system.

A useful conceptual model of an optical cavity without nonlinear coupling between the modes

is to relate each resonator mode to an independent resonant electrical circuit (an RLC circuit) [50].

We will start from this analogy, using it to build a model of a resonator that is independent of the

underlying components and only refers to generalized quantities like the mode energy, the pump

power, and the dissipation timescale, which can be defined for any resonant system. We will then

simply add these terms to the nonlinear terms we derived in the previous section, based on the

reasonable assumption that these processes aren’t directly coupled to each other.

C

I(t)

L

−

+

V (t)

Figure 1.1: An LC circuit, as a reasonable model of a cavity mode.
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We’ll start with an LC circuit, as shown in Figure 1.1. The coupled differential equations that

govern this circuit are

V = L
dI

dt
(1.3.1a)

I = −C dV

dt
(1.3.1b)

These equations can be combined into a single second-order differential equation by plugging the

derivative of the second equation into the first:

dI

dt
= −C d2V

dt2

=⇒ V = −LC d2V

dt2

d2V

dt2
+

1

LC
V = 0

d2V

dt2
+ ω2

0 V = 0 (1.3.2)

where ω0 ≡
√

1/LC is the angular resonant frequency. This is the route we would typically take

if we were doing pure circuit analysis, but it won’t work as well when we couple this system to

external sources and sinks that aren’t ideal. Instead, we will turn (1.3.1) into two decoupled first-

order complex differential equations by introducing a new quantity a±, defined by

a± =

√
C

2

(
V ± i

√
L

C
I

)
(1.3.3)
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Note that a+ and a− are complex conjugates of each other. Manipulating (1.3.1), we find that

√
C

2
V ± i

√
L

2
I =

√
C

2
L

dI

dt
∓ i
√
L

2
C

dV

dt√
C

2

(
V ± i

√
L

C
I

)
=

√
C

2

(
L

dI

dt
∓ i
√
LC

dV

dt

)

a± =

√
C

2

(
L

dI

dt
∓ i
√
LC

dV

dt

)

iω0a± =

√
C

2

(
i

√
L

C

dI

dt
± dV

dt

)

iω0a± = ±
√
C

2

(
dV

dt
± i
√
L

C

dI

dt

)

± iω0 a± =

√
C

2

(
dV

dt
± i
√
L

C

dI

dt

)

=⇒ da±
dt

= ± iω0 a± (1.3.4)

Either of these two equations alone is a complete description of the (complex) voltage and current

(the real part of which are the real voltage and current). Using the known solutions to (1.3.1),

V (t) = |V | cosω0t+ φ (1.3.5a)

I(t) =

√
C

L
|V | sinω0t+ φ (1.3.5b)

we find that

a± =

√
C

2
|V |(cos(ω0t+ φ) + i sin(ω0t+ φ))

a± =

√
C

2
V e± iω0t (1.3.6)

where any phase has been absorbed into the now-complex voltage V .

The important thing about this version of the calculation is that a± is neither a voltage nor a

current. What is it? Note that

|a±|2 = a± a∗± = a+ a− =
C

2
|V |2 (1.3.7)
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which is the peak energy in the capacitor, which is necessarily the total energy in the circuit

U . So the quantity a± is the “square root of the energy” (literally units
√

J), but keeping track

of the underlying phase. This is the trick to building a model of the cavity that doesn’t care

about the actual physical structure comprising it without sacrificing the ability to talk about mode

amplitudes.

From here, we can introduce energy loss to the cavity, described by a timescale τ0/2. In

particular, we want the total energy U to decay like U0 exp(−2t/τ0), so that the decay timescale

of a ∼
√
U is τ0. This loss is represented by adding an extra term to (1.3.4). For simplicity, we’ll

proceed with a+ alone and drop the subscript.

da

dt
= iω0 a−

a

τ0
(1.3.8)

This is a reasonable approximation as long as the decay rate is small (i.e., it takes many cycles for

the energy to decay), because otherwise we would need to take into account how the losses change

the resonant frequency of the cavity (see [50] for more details). This is like adding a resistor to the

LC circuit.

Proceeding with this assumption, we can determine how much energy leaks out of the cavity

from (1.3.8) to check that we did it right:

dU

dt
=

d|a|2
dt

= a
da∗

dt
+ a∗

da

dt
dU

dt
= a

(
iω0 a−

a

τ0

)
+ a∗

(
−iω0 a−

a

τ0

)

dU

dt
= iω0 |a|2 −

|a|2
τ0
− iω0 |a|2 −

|a|2
τ0

dU

dt
= −2

|a|2
τ0

dU

dt
= −2

U

τ0
= −Pd (1.3.9)

where Pd is the power dissipated by the loss mechanism (in the circuit model, it would be a resistor).
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We define the intrinsic quality factor1 of the cavity mode as the unitless ratio

QI = ω0
U

Pd
=
ω0τ0

2
(1.3.10)

which (roughly) measures the number of cycles necessary to reduce the initial energy by a factor

of e.

Now that we understand how the isolated resonator behaves, we can add sources and sinks.

This will essentially be done phenomenologically, by adding terms with what we suspect is the

correct form directly to (1.3.8). As usual, the motivation is that we have found this description to

work in practice.

To add an external sink of energy, such as a waveguide that is coupled to our cavity mode, we

just add an additional type of loss to the differential equation (1.3.8):

da

dt
= iω0 a−

(
1

τ0
+

1

τe

)
a (1.3.11)

where τe is the timescale for coupling to the external source. The total power loss is now

dU

dt
= −2

(
1

τ0
+

1

τe

)
U (1.3.12)

which is not terribly surprising. The output power that is coupled to the external sink is just the

second term, Pe = 2U/τe.

To match the notation of the previous section, we define a coupling quality factor

QC =
ω0 U

Pe
=
ω0 τe

2
(1.3.13)

and a total quality factor2

1

Q
=

1

QI
+

1

QC
(1.3.14)

1The intrinsic quality factor is sometimes called the “unloaded” quality factor because the cavity doesn’t have a
“load” yet, in the electronics sense of the term.

2Or “loaded” quality factor, in contrast to the unloaded quality factor.
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for the cavity, and similarly a total decay rate

1

τ
=

1

τ0
+

1

τe
(1.3.15)

That takes care of sinks, but what about sources? Suppose that the waveguide carries some

launched input power given by

Pin = |sin(t)|2 (1.3.16)

where sin(t) is the “square root of a power”, with time-dependent phase (units
√

J/s). We insert

a term into (1.3.11) for this input power:

da

dt
= iω0 a−

(
1

τ0
+

1

τe

)
a+ κsin (1.3.17)

where κ has units of
√

1/s so that the overall term carries the correct units (
√

J/s, as can be seen

from the units of a/τ and the other terms). κ describes the coupling between the input power

and the cavity energy in a similar fashion to the timescales τ . In fact, one can use time reversal

symmetry to show that

κ =

√
2

τe
(1.3.18)

A complete derivation is given in [50]. It can also be shown that the output field sout is [51]

sout(t) = −sin(t) +

√
2

τe
a (1.3.19)

Calculating QC is not trivial. It depends strongly on the material properties and coupling

scheme that are chosen. However, it is possible to get a compact solution for some common schemes;

see [49] for some useful results, particularly for the coupling between a spherical microresonator

and a tapered fiber, which we will use later.
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1.3.1 Full Mode Amplitude Propagation Equation

Now that we understand both how light decays out of the resonator and how light can be injected

into the resonator, we can write the full propagation equation for the electric field amplitude

coefficient of a resonator mode:

Ėq(t) =− ωq
2Qq
Eq +

1

2

√
ωq

QCq Eq

∑

l

√
Sl e
−i(ωq−ωl)t

+ i
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3

∑

r,s,t

ωq Er E∗s Et
Vrstq
Vqq

(
1

δ∗st
+

1

δts

)
ei∆rstq t (1.3.20)

where Uq = Eq|Eq|2, and Sl and ωl are the power and angular frequency of each launched beam. A

summary of all of the notation used in this equation is shown in Table 1.1.

Equation (1.3.20) is our master equation for describing any driven Raman nonlinear process

inside the resonator. Note, however, that it does not account for the spontaneous Raman process.

In the numerical simulation, it may be necessary to provide a tiny initial amplitude to all of the

modes to get it to start properly. We typically use an initial amplitude that corresponds to much

less than a single photon worth of energy for the mode for this purpose.
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Symbol Meaning

q, r, s, t Mode indices.

Eq The complex electric field amplitude coefficient for mode q as a function of time.

ωq The mode frequency of mode q.

Qq The total quality factor of mode q.

QIq The intrinsic quality factor of mode q.

QCq The coupling quality factor of mode q.

Uq The energy stored in mode q.

Eq The “mode energy prefactor” for mode q (Uq = Eq|Eq|2).

l Launched beam index.

Sl The power of launched beam l.

ωl The angular frequency of launched beam l.

Vabcd The four-mode volume coupling factor for modes a, b, c, and d.

Vaa The mode volume of mode a.

δab The two-mode Raman detuning for modes a and b.

∆abcd The four-mode detuning for modes a, b, c, and d.

C2 The quantum coupling factor for the ro-vibrational and electronic states.

ε(1) The first-order permittivity of the material (the index of refraction is n =
√
ε(1)).

Table 1.1: Notation for the master mode amplitude propagation equation (1.3.20).

1.4 The Microresonator-based Molecular Modulator

The theoretical analysis described in the previous sections is essentially independent of the optical

resonator used. In this section, we will begin thinking about an actual resonator design: the

Microresonator-based Molecular Modulator (MMM). The simulations described in this section and

the next indicate that an MMM based on a silica microsphere could achieve a frequency shift

of ∼ 12 THz with modulation efficiencies of ε ≈ 1% at any optical wavelength.

Figure 1.2 shows a cartoon of an MMM based on a silica microsphere. A pump laser is evanes-

cently coupled to one of the whispering gallery modes of the microsphere using a tapered fiber [51].

This pump mode builds up to high intensity. The pump mode then generates a high-intensity

Stokes mode through stimulated Raman scattering (SRS). Once the pump and Stokes modes have

both built up to high intensities, molecular modulation can occur: a separate low-power mixing

beam is coupled to the resonator and is modulated via driven four-wave mixing to produce light
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at the target frequency.

Raman-Active Microresonator

±ωm

Tapered Fiber
Pump, ωP

Stokes, ωS
Target, ωTMixing, ωM

Figure 1.2: A cartoon of our molecular modulation scheme implemented using a microsphere made
of Raman-active material with frequency shift ωm coupled to a tapered fiber. The launched pump
beam at frequency ωP drives a Stokes mode at frequency ωS = ωP − ωm via Raman lasing. Then
a launched “mixing” beam at frequency ωM is modulated by the intense pump and Stokes modes
via four-wave mixing to produce light at the “target” frequency ωT = ωM + ωm.

This system is exactly the one we have built up the theory for in the previous sections. The

MMM is an optical resonator in a Raman-active medium, coupled to a source and to a sink (both

of which happen to be the same tapered fiber).

1.4.1 The Mode Propagation Equation in an MMM

Let’s try to understand the mode propagation equation for the MMM at a high level. For conve-

nience, we consolidate the various prefactors of each term in (1.3.20) to get the following form:

Ėq =−Dq Eq + Pq
∑

l

√
Sl e
−i(ωq−ωl)t + i

∑

r,s,t

Grstq Er E∗s Et ei∆rstq t (1.4.1)

The most important terms in the sum for a given mode q can be identified in advance by a

simple graphical algorithm using the energy level diagram in Figure 1.3. We label the terms by the

four modes they involve, so the term iGMSPT EME∗SET exp(i∆MSPT t) is labeled MSP → T . The

notation indicates that this term is the one where modes M , S, and P contribute to the derivative

of T .

The arrows on the diagram must form a closed loop (their directions may need to be reversed)

to have small ∆rstq (see Section 1.5.2), so important terms must be either of the form qrr → q (two

pairs of modes) or rst → q (all four modes different). Additionally, arrows that do not touch the

same energy level must not appear next to each other (e.g., T cannot appear next to S). Finally,
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|a〉

|b〉

|i〉

|i〉

ωm

Pump, ωP

Stokes, ωS

Mixing, ωMTarget, ωT

Figure 1.3: The energy level diagram for molecular modulation. Two stable molecular ro-vibrational
states |a〉 and |b〉 interact with four photons via two intermediate virtual states (both labeled |i〉).
The Raman frequency shift ωm is the frequency difference between the molecular states. The arrows
are in the correct direction for term MSP → T .

the last mode’s arrow must point upward (this corresponds to an arbitrary sign convention in the

derivation and has no physical significance; if the sign choice were reversed, the term with the last

arrow pointing downward would be the important one).

For example, the most relevant terms for the target mode T must be of the forms Trr → T

or rst → T . For the first form, rr could be either MM , PP , or SS. These correspond to the

possibility of stimulated Raman scattering (SRS) between the target and mixing, pump, or Stokes

modes. For the second form, the T arrow must point upward, so we are forced to go around

the diagram in an order that gives us the term MSP → T . This term corresponds to molecular

modulation: it says that energy can be delivered to the target mode from the other three modes

via four-wave mixing.

1.4.2 Numerical Simulations of the MMM

We evolve the mode amplitudes in time using a simple Runge-Kutta scheme with a time step of

a few picoseconds, which is enough to resolve frequency detunings of up to a few hundred GHz

(more than large enough to resolve all of the important terms in Equation (1.4.1)). For consistency,

four-wave mixing terms in Equation (1.4.1) that have a ∆qrst larger than the Nyquist frequency

for the chosen time step are not included in the calculation. The simulations are converged with

respect to the time step and always reach a steady-state with constant energy in each mode. The

final energies do not depend on the relative timing of the launched pump and mixing beams being

turned on, so we turn both beams on at the beginning of the simulation.
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We take the resonator to be a silica microsphere with radius R = 50 µm. We model the silica

Raman shift as a Lorentzian with ωm = 2π × 12 THz and a linewidth of 2 THz, and the Grstq are

calculated from the bulk Raman coefficient [52]. We take the intrinsic quality factors of all of the

modes to be 108 (quality factors this high have been regularly achieved in practice [51]), except in

Section 1.5.4 where we look at how the modulation efficiency depends on it.

Light is coupled to and from the resonator using a tapered fiber. We generally either calculate

the coupling quality factors from Eq. (35) of [49] with a 1 µm taper radius and the pump mode

critically coupled to the launched pump beam (“pump-critical”), or we take all of the modes to

be critically coupled (“all-critical”). The pump-critical case does not give the highest modulation

efficiency, but it does have the lowest threshold (this will be addressed in Section 1.5.5).

The all-critical case is roughly equivalent to adding a second tapered fiber to the system, with

coupling optimized for the mixing mode instead of the pump mode. This kind of coupling scheme is

common for communications applications [53, 54], and could be re-purposed for the MMM. It would

be necessary to prevent the secondary fiber from disturbing the coupling between the first fiber

and the microsphere, perhaps by suppressing any propagating fiber modes near that wavelength

using an engineered stopband [55]. However, the purpose of this case is just to approximate the

maximum possible theoretical efficiency of the system, and in our simulations we simply assume it

might be possible without implementing a model of how it would work in practice. As we will see

in Section 1.5.5, even this is not the most ideal coupling scheme.

For better control over the parameters of the simulation, we use representative modes instead of

real cavity modes. The mode volumes and four-mode shape overlaps of the representative modes are

given values calculated from averages over real cavity modes, while we set the modes frequencies

and intrinsic quality factors arbitrarily. It is important to control the mode frequencies exactly

because the modulation efficiency is quite sensitive to the four-mode detuning ∆rstq, which is a

measure of the timescale over which the modulation process conserves energy. We will generally set

the four-mode detuning for the molecular modulation path to zero. A possible method for control

of the four-mode detuning will be discussed in Section 1.5.2.

We did initially use real cavity modes, and the simulation package is capable of working with

them. See Appendix A for some notes on numerical techniques for calculating these modes, and

Appendix C for notes on numerically evaluating the vector spherical harmonics which form the
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angular part of the whispering gallery mode eigenbasis.

As mentioned above, the mode volumes Vqq and four-mode shape overlaps Vrstq are given uniform

values for all modes that are representative of the average volumes and overlaps calculated from

real cavity modes [51, 56]. The actual mode volumes and four-mode shape overlaps vary up and

down somewhat-independently from mode to mode over the range of mode wavelengths we use by

approximately an order of magnitude, depending on the wavelengths of the modes, their angular

momentum and radial quantization numbers, and their polarizations. Since the four-wave mixing

terms in Equation (1.4.1) depend only on the ratio between a four-mode overlap and a mode volume,

we expect the real modulation efficiencies to be within an order of magnitude of those calculated

with the representative values.

For simplicity, we assume that cascaded SRS has been suppressed. This could perhaps be

achieved in practice [57], but actually turns out to be irrelevant. We have run the same simulations

with enough higher-order Stokes modes to capture the full cascade at the highest launched pump

powers that we show below, and there is no significant difference in the modulation efficiency

compared to simulations without the cascaded modes (this surprising result will be discussed in

Section 1.5.1). The launched mixing power is always SM = 1 µW, which is below the threshold for

the mixing mode to create its own Stokes mode.

Our simulations do not take into account other nonlinear processes, such as generation of

parametric sidebands through self-phase modulation, which is due to the Kerr nonlinearity [58].

The Kerr and Raman nonlinearities are both third order, so one would expect their thresholds to

be comparable. In a real experiment, there will likely be additional modes excited near the pump

mode due to Kerr mixing. However, there is good reason to believe that the existence of these

additional excited modes will not significantly change our results.

First, the primary effect of these modes will be to deplete the energy of the pump mode.

However, in Raman lasing, the pump energy inside the resonator is clamped once it reaches the

Stokes lasing threshold [59]. When a Raman laser is pumped far above threshold, a large fraction

of the incident pump power does not couple into the resonator. This excess incident pump power

can overcome any additional depletion of the pump beam due to the presence of other nonlinear

optical processes. Second, the additional four-wave mixing pathways made available by these extra

excitations will not, in general, produce a target frequency that is aligned with a resonator mode
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frequency (i.e., these terms will have large four-mode detunings). As we will see in Section 1.5.2,

this should suppress any additional modulation of the mixing beam. However, a detailed analysis of

all of these additional nonlinear processes in addition to Raman generation is beyond the scope of

this work, and possibly too computationally expensive to explore with the mode-based simulations

we use.

1.5 Characterization of the MMM

In this section, we discuss the dependence of the modulation efficiency ε on a variety of parameters.

Our goal is to elucidate some of the design criteria of the MMM. There are clearly an enormous set

of possible parameters, so we have chosen to focus on ones that establish the maximum theoretical

performance of a single device, as well as some details of the coupling scheme and operational

characteristics. We do not consider the possibility of using a different resonator or coupling scheme

entirely, and we focus on a single pump wavelength λP = 1064 nm. The launched mixing beam

power is always low enough that without the launched pump power, it would cause no nonlinear

effects.

1.5.1 Dependence of Modulation Efficiency on Launched Pump Power

An important metric for a modulator is the modulation efficiency ε, which we define to be the output

power of the target mode PT divided by the launched mixing power SM (ε = PT /SM ). Since the

molecular modulation process only relies on establishing coherence between the molecular states

through SRS, we should only expect non-zero modulation efficiency as soon as the pump mode

energy goes above the threshold to produce a Stokes mode. Figure 1.4 shows that this is indeed

the case.

The modulation efficiency curves are quite unlike what we expected based on the behavior

of our previous device. In that system the mixing and target frequencies were not resonant in

the cavity, so the target light was produced in a single pass of the mixing beam through the

system. The modulation efficiency was very low, so the pump mode, Stokes mode, and mixing beam

were essentially unperturbed by the molecular modulation process. This allowed the modulation

efficiency to scale roughly like the Stokes mode energy in the ideal case. In contrast, the situation
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Figure 1.4: The modulation efficiency ε as a function of launched pump power SP for three different
mixing wavelengths λM . The modulation efficiency is ε = PT /SM , where PT is the target mode
output power and SM is the launched mixing power. The pump mode wavelength is λP = 1064 nm,
and it is critically coupled to the launched pump beam.

in the MMM is shown in Figure 1.5. The mixing mode energy decreases after an initial plateau,

corresponding to the decrease in the modulation efficiency.

To investigate this counterintuitive decrease, we start by noting that the complex mixing mode

amplitude EM is constant at steady-state (not just the mode energy UM ) because it is externally

pumped. Therefore, we can set the derivative of EM to zero at steady-state, assume that it is too

far detuned from the launched pump beam to interact with it, and write

ĖM = 0 =−DMEM + PM
√
SM + i

∑

r,s,t

GrstM Er E∗s Et ei∆rstM t

EM =
PM
DM

√
SM + i

∑

r,s,t

GrstM
DM

Er E∗s Et ei∆rstM t (1.5.1)

This equation does not let us determine EM from the initial conditions, but it does let us explain

why EM has the steady-state value it does phenomenologically. The most important terms in
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Figure 1.5: The energy stored in each resonator mode Uq as a function of launched pump power
SP . After threshold, UP is clamped and US grows like the square root of the launched pump
power. After an initial plateau following threshold, UM and UT begin to decrease, which reduces
the modulation efficiency.

Equation (1.5.1) are shown in Figure 1.6 for one of the curves from Figure 1.4. Note that all of these

terms have a four-mode detuning of zero in these simulations, so they do not have time-dependent

phases that do not arise from the mode amplitudes themselves. As expected, the launched mixing

beam and the four wave mixing are both important. However, another term is also important:

MSS →M , which corresponds to SRS between the mixing mode and the Stokes modes (the next

most important is MPP →M , not shown).

SRS would normally be suppressed between these modes because they are not on Raman-

resonance. However, the Raman linewidth of silica is several THz, so the frequency difference is

not enough to suppress this term when the Stokes mode energy is large. Although the simulations

we present here only include one Stokes mode, we have performed similar simulations with enough

higher-order Stokes modes to model the entire cascade out to SP = 10 W, and there is no significant

difference in the behavior of the modulator. The combined effect of all of the cascaded Stokes modes

together is similar to the single large un-cascaded Stokes mode. This effect is why there is no

significant difference in modulation efficiency between simulations run with and without cascaded
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Figure 1.6: The real and imaginary contributions of the three most important terms in Equa-
tion (1.5.1) to the mixing mode amplitude (magnitude plotted as |EM |): the launched mixing
beam, the molecular modulation term TPS → M , and the SRS term MSS → M . These three
terms together almost entirely compose the steady-state mixing mode amplitude (the magnitude
of their sum is plotted in dotted green).

Stokes modes.

Remarkably, this off-resonant SRS actually supports the mixing mode, causing the plateau. We

ran a set of simulations with the Raman linewidth reduced by a factor of 103 (i.e., it is a few GHz

instead of a few THz) while keeping everything else constant. This suppresses the off-resonant

SRS between the mixing mode and pump or Stokes modes. The mode energies and mixing mode

amplitude composition for these simulations are shown in the left and right panels of Figure 1.7

respectively. With no SRS from the mixing mode to the pump or Stokes modes, the mixing and

target mode energies begin to decrease immediately after threshold with no plateau. Now the

only important terms in the mixing mode amplitude are the external beam and the molecular

modulation term, as originally expected.

Now that the off-resonant SRS has been suppressed, all four modes have nearly-constant complex

amplitude at steady state. If we approximate them as constant, we can solve for the amplitudes
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Figure 1.7: Mode energies (left) and mixing mode amplitude composition (right) when the Raman
linewidth has been artificially reduced by a factor of 103. The mixing and target mode energies
now drop off without a plateau. There are only two important contributions to the mixing mode
amplitude: the launched mixing beam and the molecular modulation term TPS → M (which
is now purely real). These two terms together entirely compose the mixing mode amplitude at
steady-state (the two green curves overlap). The reduction of the Raman linewidth has removed
the off-resonant SRS between the mixing mode and other modes that was present in Figure 1.6.

of the target and mixing modes in terms of the pump and Stokes mode amplitudes. Using the

graphical algorithm for determining relevant terms described above, we can solve for the target

mode amplitude:

ĖT = 0 =−DT ET + iGMSPT EM E∗S EP

ET = i
GMSPT

DT
EM E∗S EP (1.5.2)

We can use Equation (1.5.2) to solve for EM , arriving at a form that only depends on EP and ES :

ĖM = 0 =−DM EM + PM
√
SM + iGTPSM ET E∗P ES

0 =−DM EM + PM
√
SM + i2 GTPSM

GMSPT

DT
EM E∗S EP E∗P ES

EM =
PM
√
SM

DM + GTPSM GMSPT

∣∣EP
∣∣2 ∣∣ES

∣∣2/DT
(1.5.3)
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When |ES |2, which is proportional to the Stokes mode energy, becomes large, the second term in the

denominator dominates the first and EM begins to decrease. This is the root cause of the decrease

in modulation efficiency: the mixing mode amplitude decreases like |ES |2, which causes the target

mode amplitude to go like ET ∼ EM E∗S ∼ E∗S/|ES |2 ∼ 1/ES (from Equation (1.5.2)).

This behavior is similar to pump mode clamping in cascaded SRS, where the behavior of a

mode that is not being externally pumped causes a change in the form of the evolution equation

for another mode that changes its qualitative dynamics [59, 60]. The off-resonant SRS terms,

despite their apparently-detrimental behavior in Figure 1.6, provide extra paths for energy flow

that limit the effect of the clamping-like behavior described by Equation (1.5.3) until the Stokes

mode reaches much higher energy. This causes the plateau that we observe in the modulation

efficiency in Figure 1.4. An observer in the lab would see the launched mixing beam have higher

transmission through the fiber as the launched pump power increases, much like the launched pump

beam itself begins to have higher transmission due to traditional SRS clamping.

Although this clamping-like effect prevents the modulation efficiency from scaling like the Stokes

amplitude as we initially expected, the modulation efficiencies in the plateau region are still very

high. Even the simple single-fiber coupling setup gives an efficiency of approximately 0.1% at

λM = 800 nm, several orders of magnitude higher than our previous modulator. Critical coupling

could boost the efficiency to nearly 10%. The existence of the plateau means that the modulation

efficiency should be quite stable to fluctuations in the launched pump power. The MMM will also

never need much more launched pump power than the threshold power.

1.5.2 Dependence of Modulation Efficiency on Four-Mode Detuning

Bringing the four-mode detuning ∆MSPT down to less than a mode linewidth Γq = ωq/Qq (a few

MHz for optical frequencies if Qq ≈ 108) is necessary for high-efficiency operation. Figure 1.8 shows

what happens when ∆MSPT (which is equal to the target mode detuning δT in that figure) becomes

larger than the target mode linewidth ΓT . As ∆MSPT grows, the exponential phase in the relevant

terms in Equation (1.4.1) becomes too fast to effectively drive the target mode, and the target mode

energy (and therefore output power) begins to decrease like 1/(∆MSPT /ΓT )2. Equivalently, when

this process fails to conserve energy (i.e., when ~∆MSPT is non-zero), the steady-state efficiency

decreases. However, as long as ∆MSPT < ΓT , there is no significant change in ε from perfect
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four-mode resonance.
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Figure 1.8: The modulation efficiency as the target mode frequency ωT is detuned from perfect
four-mode resonance. Since the other mode frequencies are constant, δT = ∆MSPT , which appears
in the molecular modulation terms in Equation (1.4.1). As the detuning becomes larger than the
target mode linewidth ΓT (a few MHz for each λM ), the modulation efficiency begins to decrease.

Because the mode structure in a microresonator is generally quite irregular, it is important to

consider how we could achieve low four-mode detuning in an actual device. One possible method is

that the resonator’s mode frequencies could be tuned via the material’s thermo-optic response (the

change in index of refraction n(ω, T ) with temperature T ). The first-order thermo-optic coefficient

in silica is αn = 1.09× 10−5 K−1 [61]. For small changes in the index of refraction, the resonator’s

mode frequencies will change by the same fraction that the index of refraction at that frequency

changes [51]:

∂ω

∂T
≈ ω

n(ω, T )

∂n(ω, T )

∂T
=

ω

n(ω, T )
αn . (1.5.4)

Thus we have

∂∆MSPT

∂T
≈ αn

(
ωM

n(ωM , T )
− ωS
n(ωS , T )

+
ωP

n(ωP , T )
− ωT
n(ωT , T )

)
. (1.5.5)
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If we use λP = 1064 nm and λM = 800 nm, assume that ωT ≈ ωM + 2π × 12 THz and ωS ≈

ωP − 2π× 12 THz, and use the Sellmeier coefficients for silica at 20 ◦C [62], we find that ∂∆MSPT
∂T ≈

2.0 MHz K−1. With λM = 532 nm, ∂∆MSPT
∂T = 9.1 MHz K−1.

This calculation indicates that the four-mode detuning could be adjusted by at least a few tens

of MHz by a standard thermoelectric controller for any mixing wavelength in the optical region

of the spectrum. Although the free spectral range in microresonators is generally at least a few

GHz, the actual mode spacing (i.e., the distance to the mode with the closest frequency, not the

next mode in the same family) in a non-ideal device can be much denser. For example, by giving a

spherical microresonator a small eccentricity to lift the degeneracy of the whispering gallery modes,

the actual spacing between adjacent modes could be reduced to a few tens of MHz [63], meaning the

four-mode detuning should never be off by more than a few tens of MHz to begin with. However,

one may still need to try many different four-mode sets to find a set with high modulation efficiency

(due to the mode-dependent coupling factors).

1.5.3 Dependence of Modulation Efficiency on Mixing Wavelength

One of the key advantages of the MMM is that, depending on the size, geometry, and material of the

microresonator, modes could be available over a wide range of wavelengths. Figure 1.9 shows how

the modulation efficiency varies with the wavelength of the mixing mode. From the left panel we

see that in the pump-critical case the modulation efficiency decreases dramatically as the separation

between the pump and mixing wavelengths increases because the mixing and target modes become

poorly coupled to the fiber (i.e., QIM is not close to QCM ). However, if we can critically couple all

of the modes, ε becomes largely independent of λM throughout the optical spectrum, as illustrated

in the right panel.

In reality, we would still expect some variation with λM because the mixing and target mode

volumes and four-mode overlaps will vary, as discussed earlier. Nevertheless, as long as the MMM

is built with the capability to adjust the coupling scheme and resonator temperature appropriately,

the same device should be able to modulate efficiently over a large, continuous range of mixing

beam wavelengths.
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Figure 1.9: The modulation efficiency ε = PT /SM as a function of the launched pump power SP
and the mixing mode wavelength λM , with the pump mode critically coupled (left) or all modes
critically coupled (right). The dominant factor in the decreasing modulation efficiency on the left
is the increasingly-non-critical coupling between the fiber and the mixing mode as λM is moved
further from the pump wavelength λP = 1064 nm. On the right, where all modes are critically
coupled, ε is essentially independent of λM .

1.5.4 Dependence of Modulation Efficiency on Intrinsic Quality Factor

Another factor that we could control is the intrinsic quality factor of the microsphere. So far, we

have assumed that it is fixed at QI = 108. However, microspheres could be produced with either

smaller or larger intrinsic quality factors than that. The results of simulations where we vary the

intrinsic quality factor are shown in Figure 1.10.

When the intrinsic quality factor is increased at fixed launched pump power the modulation

efficiency decreases. Increasing the intrinsic quality factor is essentially the same as shifting the

curves in Figure 1.4 to lower pump power: threshold decreases, but since we are at fixed launched

pump power, we are now further out on the curve, where we already know the modulation efficiency

begins to decrease.

1.5.5 Dependence of Modulation Efficiency on fiber separation

So far, we have been working with two coupling schemes: either there is a single fiber critically

coupled to the pump mode, or all of the modes are critically coupled. In this section, we will use
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Figure 1.10: The modulation efficiency ε = PT /SM as a function of the launched pump power
SP and the intrinsic quality factor QI , with the pump mode critically coupled (left) or all modes
critically coupled (right). The pump and mixing wavelengths are λP = 1064 nm and λM = 800 nm.
When the intrinsic quality factor increases, threshold is decreased, but modulation efficiency also
decreases, and vice-versa.

a single fiber as in the first case, but we will change its distance from the microsphere (the fiber

separation s). As s decreases, the coupling quality factor QC decreases at all wavelengths, meaning

that light can more easily move between the fiber and the microsphere. This scheme is the easiest

to achieve experimentally, requiring no special modifications of the fiber or microsphere.

The results, shown in Figure 1.11, show that the modulation efficiency tends to increase as

QC decreases, with no special behavior near the critical separations. This is a result of the target

mode not being directly pumped: we do not need to balance input and output power to get critical

coupling, we just need to maximize the output power. Decreasing QC lets more light leave the

target mode and go to the fiber. Simultaneously, the threshold pump power is increasing, but

this is not necessarily detrimental, because we know from Section 1.5.1 that there is no reason to

go far beyond threshold. So we have an indirect route to increasing the modulation efficiency by

increasing the launched pump power (which eluded us in Section 1.5.1): if we have spare pump

power, we can move the fiber closer to the microsphere to get higher efficiency.

These results also indicate that the all-critical coupling scheme is not the coupling scheme

that maximizes the modulation efficiency. Determining the ideal scheme will depend on a variety
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Figure 1.11: The modulation efficiency ε = PT /SM as a function of the launched pump power SP
and the fiber separation s. Horizontal dashed lines are the fiber separations where each mode is
critically coupled (but note that there is no special behavior at these separations). The pump and
mixing wavelengths are λP = 1064 nm and λM = 800 nm, and the fiber taper radius is 1 µm. The
coupling quality factors QCq decrease for all modes as the fiber separation decreases.

of other design parameters and will involve a detailed search through the coupling and intrinsic

quality factor parameter space for each mode (in addition to determining how to achieve those

quality factors in practice).

1.6 Conclusions and Future Work

In this chapter, we have laid out the necessary theory to analyze a novel device: the Microresonator-

based Molecular Modulator, or MMM. We have used this theory to simulate the behavior of the

MMM over a significant set of design parameters for the device. We predict that it can achieve

high efficiency (on the level of 1%) at THz-scale modulation frequencies for any mixing beam in

the optical region of the spectrum.

Now that we have a basic idea of how to produce an MMM and what the design parameters

should be, the next step is to fabricate one. We imagine that as this process continues, more
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simulations will need to be run to answer design questions as they arise. Additionally, more physics

might need to be added to the model to accurately describe the behavior of the physical modulator.

If an MMM can be produced, it would represent a significant improvement to the state-of-the-

art in optical modulation, opening the doors to new techniques and applications in both research

and industry. Below, we discuss some of these possibilities.

Synthesizing ever-shorter pulses requires ever-wider spectra. Optical modulators could be used

to produce these spectra: if an optical modulator has sufficiently high efficiency, it can produce

multiple modulation orders. This broad spectrum could be used to synthesize optical waveforms

with a temporal resolution not currently achievable in the optical domain [64]. For example, if the

modulation frequency is 100 THz and we can generate five modulated sidebands on each side of the

mixing beam, the total bandwidth would be 1000 THz. This is large enough to produce ultrashort

pulses with a duration less than 1 femtosecond. The MMM could finally provide a platform for

achieving the necessary efficiency and modulation frequency.

Currently such short pulses can only be synthesized in the soft-X-ray region of the spectrum.

Synthesizing these pulses in the more-accessible optical region may allow unprecedented access to

these time scales in atoms and molecules. In the second chapter of this thesis, we explore one

possible path of investigation that could be unlocked by this kind of waveform synthesizer.

Because the modulator works in the CW domain, the absolute frequency of the modulator can

be set to a specific value with high precision. If a frequency-stabilized carrier is modulated, the

generated sideband frequencies will also be known to very high precision, and their linewidths will

be similar to the linewidth of the carrier [33]. These sidebands could then be used for precision

spectroscopy of atoms and molecules at different wavelengths. This technique would also allow for

the construction of optical clocks in new regions of the spectrum.

An optical modulator with a THz-scale modulation frequency could also be used to produce

lasers in regions of the spectrum that are difficult to access, such as the far-infrared and the THz

region [65]. For example, to generate THz radiation efficiently, one can use an infrared carrier beam

and frequency down-shift it with the optical modulator [66]. A key advantage of a THz source based

on modulation would be its tunability. Even a modest tuning of the carrier beam would generate

a unique source that is tunable over the full THz region (1–10 THz). THz radiation sources have

become increasingly important due to their applications in a wide range of fields, such as remote
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sensing of chemicals.

Together, these applications form a compelling reason to continue improving our continuous-

wave molecular modulation technique, and microresonators present a clear path for implementing

those improvements.
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Chapter 2

Ionization by Intense Ultrashort Pulses

There is great interest in producing ever-shorter and more-intense laser pulses. For example, the

Extreme Light Infrastructure project has received nearly a billion dollars in funding to produce

petawatt-scale lasers. Separately, researchers have been able to produce X-ray laser pulses only a

few dozen attoseconds in duration [67].

Understandably, these researches are focused on the clearest technical challenges: the intensity

and duration of the pulses. However, the intensity and duration of a pulse do not fully characterize

it: the shape of the pulse is also important. The intensity, duration, and shape of a laser pulse

are all interesting knobs that can be adjusted to produce different effects on the target. In the

quest for maximum intensity and minimum duration, control over the shape is often sacrificed, or

simply not considered important in the first place. Understanding and controlling all aspects of an

ultrafast pulse is important for implementing what Krausz calls “ultrafast control” [68, 69].

In the previous chapter we investigated the possibility of producing an optical modulator that

could, in principle, be used as the basis of an optical waveform generator [70, 71]. An ideal optical

waveform generator could produce an arbitrary Fourier spectrum of light, which would allow it to

synthesize exotic optical pulses, such as square waves [64]. Although utterly normal in electronics,

the bandwidth and control required to generate a well-structured square wave optical pulse is far

beyond current techniques.

But in the meantime, we can dream. In this chapter we investigate what happens when you

crank all the knobs up: a pulse with an electric field amplitude comparable to the electric field in

a hydrogen atom, with a duration comparable to the classical orbital period of the electron in a

hydrogen atom, and with a shape that can be controlled on sub-cycle timescales. No existing laser

systems can reach all three of these regimes simultaneously, but we can investigate the effects of
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such a pulse by solving the time-dependent Schrödinger equation numerically.

As atomic physicists, our interest lies in what effect this pulse might have on a target atom.

Our system of choice is the humble hydrogen atom. We chose hydrogen, despite it’s short classical

orbital period and huge electric field (which are what push this question past the bounds of current

techniques), because the unperturbed problem is analytically solvable. This gives us a solid founda-

tion that we can reproduce numerically to prove that our simulation is behaving as expected. The

lack of multi-electron effects that would surely come in to play with a larger atom or a molecule

also provides for easier intuition and visualization of the resulting quantum state.

The presence of only a single electron also provides a clear research question. As will be

elaborated on later, a free electron cannot gain any energy or momentum from an electromagnetic

wave (in the dipole approximation), while bound electrons can [72]. This raises a question: how

does the electron “know” that it is bound? By analogy with classical orbital systems, it seems

that this “knowledge” must come from the wavefunction exploring the potential energy landscape

that it lives on. The timescale for this exploration should be on the order of the classical orbital

period of the bound state: the time it would take the electron to orbit the proton in the Bohr

model.

Thus, the question we originally aimed to answer with this research: what happens when the

laser pulse is shorter than the classical orbital period? Does the electron begin to behave as if it

was effectively free, and refuse to ionize no matter how large the applied electric field is?

Unfortunately, we were unable to arrive at a satisfactory answer to this question. The incredibly

short timescales below the classical orbital period lead to laser pulses that are simply too intense

to treat with the techniques we used. However, along the way, we did find another interesting

question, with a clearer and more straightforward answer: under what conditions can a laser

pulse with smaller peak intensity cause more ionization than a pulse with larger peak intensity?

Surprisingly, we found that such conditions do indeed exist, and we devised a simple model that

predicts this ionization probability reversal. These results were published in [73].

The first few sections in this chapter are intended to provide a bootstrap to understanding the

computational techniques laid out in Section 2.3 and the results described in Section 2.4. Section 2.5

then discuses the details of the model that we devised, and Section 2.6 discusses more properties

and possible future applications of that model.
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2.1 Electromagnetic Waves

2.1.1 Maxwell’s Equations and the Electromagnetic Wave Equations

The first step toward modeling the interaction of a laser field with an electron is to model the

laser field independent of any interactions. Because we do not quantize the electromagnetic field

in our simulations, we will need to deal with the electromagnetic wave equations. We begin with

the differential form of Maxwell’s equations for the electric field E and the magnetic field B [43]:

∇ · E =
ρe
ε0

(2.1.1a)

∇ · B = 0 (2.1.1b)

∇×E = −∂B
∂t

(2.1.1c)

∇×B = µ0

(
J + ε0

∂E
∂t

)
, (2.1.1d)

where ρe is the volume density of electric charges, J is the volume density of electric currents, and

ε0 and µ0 are the vacuum permittivity and permeability respectively. If we work in vacuum so that

ρe = 0 and J = 0, the equations become symmetric:

∇ · E = 0 (2.1.2a)

∇ · B = 0 (2.1.2b)

∇×E = −∂B
∂t

(2.1.2c)

∇×B = µ0 ε0
∂E
∂t

(2.1.2d)

If we take the curl of the two curl equations (2.1.2c) and (2.1.2d) we get, on the right hand side,

∇×∇×E =∇×
(
−∂B
∂t

)
= − ∂

∂t
∇× (B) = −µ0 ε0

∂2E
∂t2

(2.1.3a)

∇×∇×B =∇×
(
µ0 ε0

∂E
∂t

)
= µ0 ε0

∂

∂t
∇× (E) = −µ0 ε0

∂2B
∂t2

(2.1.3b)
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and on the left,

∇×∇×E =∇(∇ · E)−∇2E = −∇2E (2.1.4a)

∇×∇×B =∇(∇ · B)−∇2B = −∇2B (2.1.4b)

Combining, we find that

µ0 ε0
∂2E
∂t2
−∇2E = 0 (2.1.5a)

µ0 ε0
∂2B
∂t2
−∇2B = 0 (2.1.5b)

This pair of partial differential equations describes a propagating electromagnetic wave with speed

c = 1/
√
µ0 ε0. It’s not immediately apparent from (2.1.5) how E and B are related, but they are

still coupled via (2.1.2).

2.1.2 Power Density

One of the measures we will use to classify a laser pulse is how much energy it contains. The

key to performing that calculation is to determine the power density (units J m−2 s−1) of the

electromagnetic wave. The tool for looking at this is the Poynting vector, which can be defined

for any electromagnetic field as

S(r, t) =
1

µ0
E(r, t) × B(r, t) = ε0 c

2 E(r, t) × B(r, t) (2.1.6)

The magnitude of the Poynting vector field is the instantaneous power density field.

For an electromagnetic wave in vacuum, (2.1.6) reduces to

S = ε0 c
2 E(r, t)B(r, t) k (2.1.7)

where |k| = 2π/λ, and (in vacuum) k points in the direction of propagation of the electromagnetic

wave.
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Now note that, via (2.1.2) (and thus only for an electromagnetic wave), we have

k E(r, t) = ω B(r, t)

k

ω
E(r, t) = B(r, t)

E(r, t)

c
= B(r, t) (2.1.8)

Inserting (2.1.8) into (2.1.7) the magnitude of the Poynting vector becomes

S(r, t) = ε0 c
2 E(r, t)

E(r, t)

c
k

S(r, t) = ε0 c |E(r, t)|2 k

|S(r, t)| = ε0 c |E(r, t)|2 (2.1.9)

The purely electric or purely magnetic power density are both half of (2.1.9): the electric and

magnetic fields share the power of the electromagnetic wave equally.

Although the power densities of the two fields are equal, the magnitude of their effect on

particles is generally not similar. For example, the expectation value of the speed of the electron

in the ground state of a hydrogen atom is αc ≈ c/137. This reduces the magnetic force felt by the

electron in the wave by a factor of α compared to the electric force, because the magnetic force

cares about the speed of whatever it acts on.

This is quite relevant for the discussion to follow. Despite the high intensity of the laser pulses

we will consider, we will entirely neglect the magnetic component of the electromagnetic field. This

is the primary reason why we had difficulty looking for ionization suppression below the classical

orbit time: when the pulses become that short, the intensities becomes so high that we always leave

the regime where neglecting the magnetic component is reasonable [74–78].

2.1.3 Electromagnetic Potentials and Gauge Invariance

Although the physical fields E and B are what ultimately cause the physical effects that we see in

nature, they are often inconvenient to perform calculations with. By using vector calculus identities

we can generate a smaller system of coupled second-order differential equations from the first-order

Maxwell equations.
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In particular, note that since the divergence of B is zero, it must be the curl of some vector

field that we call A:

∇×A ≡ B (2.1.10)

Now we can rewrite the third equation as

∇×E = −∂B
∂t

∇×E = − ∂

∂t
∇×A

∇×
(
E +

∂A
∂t

)
= 0 (2.1.11)

Since the curl of E + ∂tA is 0, it must be the gradient of a scalar field which we call Φ:

−∇Φ ≡ E +
∂A
∂t

E = −∇Φ− ∂A
∂t

(2.1.12)

If we plug these back into the other two Maxwell equations we arrive at a pair of coupled second-

order differential equations, which unfortunately include many mixed (i.e., both space and time)

derivatives.

∇ · E =
ρe
ε0

∇ ·−∇Φ− ∂A
∂t

=
ρe
ε0

∇2Φ +
∂

∂t
(∇ ·A) = −ρe

ε0
(2.1.13)

and

∇× (∇×A) = µ0

(
J + ε0

∂

∂t

[
−∇Φ− ∂A

∂t

])

∇(∇ ·A)−∇2A = µ0

(
J + ε0

∂

∂t

[
−∇Φ− ∂A

∂t

])
(2.1.14)

These equations are not particularly pleasant to work with, but luckily we haven’t used all of
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our degrees of freedom yet. Since B is the curl of A and the curl of the gradient of any vector

field is zero, we can add an arbitrary gradient to A without changing the physical field B. To

make sure the electric field is also unchanged we must balance the addition of the new gradient

to A by subtracting the time derivative of that field from Φ. If we make both transformations

simultaneously, we get a new pair of potentials A′ and Φ′ that produce the same physical fields E

and B:

A→ A′ = A+∇Λ (2.1.15)

Φ→ Φ′ = Φ− ∂Λ

∂t
, (2.1.16)

where Λ can be an arbitrary smooth function of space and time. This kind of transformation, which

preserves the physical fields while modifying the potentials, is called a gauge transformation.

These extra degrees of freedom let us pick A and Φ in special ways to reduce the complexity of the

second-order equations above.

2.1.4 Laser Pulses

Now that we have the general tools for understanding how an electromagnetic wave, we will use

them to analyze a particular kind of wave: a pulse. A pulse is a short, isolated, and often intense

excitation of the electromagnetic field, generally produced by a laser (hence, laser pulses).

We will assume that the pulse is uniform in space, which lets us drop position dependence

throughout. This is a reasonable assumption as long as the region of interest is smaller than

the wavelength of the electromagnetic wave. We also assume that the electromagnetic wave is

polarized along the ẑ direction, which means that the electric field vector always points along ẑ.

Together, we have E(r, t) = E(t) ẑ.

Such a laser pulse is necessarily composed of a large number of individual frequency components,

called its spectrum. In our research we generally assume that the pulses are constructed out of

continuous spectra (as opposed to discrete). Thus, we will be doing a lot of work with Fourier

transforms in this section to go back and forth between the pulse’s temporal profile and its spectral

properties. The function that describes the (complex) electric field amplitude of each frequency

component is called the amplitude spectrum.
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The electric field of a transform-limited laser pulse (i.e., the phase across the pulse’s frequency

spectrum varies very slowly) at a given position can be put into carrier-envelope form

E(t) = Et F (t) cos(ωc t+ ϕ) (2.1.17)

where ωc is the carrier angular frequency, F (t) is an envelope function, and ϕ is the carrier-

envelope phase (a constant in our work, but possibly varying in time on its own in other work,

as in a chirped pulse). Such a pulse has an amplitude spectrum that is symmetric around ωc. We

only work with transform-limited pulses due to their simplicity.

We define the pulse fluence H (the total energy density, units J m−2) by integrating the pulse

power density (2.1.9) over time at some position:

H =

∫ ∞

−∞
|S(t)|dt

H = ε0 c

∫ ∞

−∞
|E(t)|2 dt (2.1.18)

The quantity |S(t)| = ε0 c|E(t)|2 is the instantaneous intensity of the laser. We can also deter-

mine the fluence via the Plancherel theorem, which in this context tells us that

∫ ∞

−∞
|E(t)|2 dt =

∫ ∞

−∞

∣∣∣Ê(ω)
∣∣∣
2

dω (2.1.19)

Therefore,

H = ε0 c

∫ ∞

−∞
|E(t)|2 dt = ε0 c

∫ ∞

−∞

∣∣∣Ê(ω)
∣∣∣
2

dω = ε0 c

∫ ∞

−∞

∣∣∣Ê(f)
∣∣∣
2

df (2.1.20)

Note that this definition only makes sense for pulses with continuous spectra: real, physical pulses

might be part of a pulse train, with a discontinuous spectra, and the above definition would need

to be modified.

Since the electric field E(t) is always real its Fourier transform Ê(ω) is Hermitian (i.e., Ê(−ω) =

Ê∗(ω)). The frequency information at negative frequency is therefore superfluous. To facilitate

calculations we will sometimes consider only the positive frequency components. In this case, when
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we perform the inverse Fourier transform we really produce the complex electric field Ẽ(t):

1√
2π

∫ ∞

0
Ê(ω) dω = Ẽ(t) (2.1.21a)

E(t) = Re
{
Ẽ(t)

}
(2.1.21b)

The complex electric field contains some useful information that is somewhat harder to get from

E(t). For example, its absolute value is the envelope of the electric field:

|E(t)| ≤
∣∣∣Ẽ(t)

∣∣∣ (2.1.22)

For simplicity, all calculations are performed with a pulse centered at t = 0. To get a pulse

centered at t = t0, replace t with t− t0 in E(t) and replace Ê(ω) with e−2πi t0 ω Ê(ω).
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Symbol Units Meaning

E(t) V m−1 The physical electric field as a function of time

Ẽ(t) V m−1 The complex electric field as a function of time

Ê(ω) V m−1 s The electric field amplitude density in the angular frequency domain

Ê(f) V m−1 Hz−1 The electric field amplitude density in the frequency domain

F (t) - The envelope function in the time domain

F̂ (ω) - The envelope function in the angular frequency domain

F̂ (f) - The envelope function in the frequency domain

Et V m−1 The peak electric field amplitude in the time domain

Eω V m−1 s The peak electric field amplitude density in the angular frequency
domain

Ef V m−1 Hz−1 The peak electric field amplitude density in the frequency domain

∆t s The full-width at half-max (FWHM) of the electric field amplitude in
the time domain

∆ω s−1 The “bandwidth” (typically FWHM) of the electric field amplitude
density in the angular frequency domain

∆f Hz The “bandwidth” (typically FWHM) of the electric field amplitude
density in the frequency domain

τ s The “pulse width” in the time domain, typically the inverse of the
bandwidth ∆f

ωc s−1 The carrier or center angular frequency of the pulse

fc Hz The carrier or center frequency of the pulse

ϕ - The global phase difference between the carrier frequency and the
envelope function, often called the carrier-envelope phase (CEP)

H J m−2 The fluence of the electromagnetic pulse

Ip W m−2 The peak intensity of the electromagnetic pulse

Table 2.1: Notation for laser pulses.
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2.1.4.1 Sinc Pulses

A sinc pulse is produced from a rectangular power spectrum. A transform-limited sinc pulse has

an amplitude spectrum that looks like

Ê(ω) =





Eω eiϕ ωmin < ω < ωmax

Eω e−iϕ ωmin < −ω < ωmax

0 else

(2.1.23)

For this spectrum we define the bandwidth ∆ω to be ωmax − ωmin.

The fluence is easy to determine via Parseval’s theorem:

H = ε0 c

∫ ∞

−∞

∣∣∣Ê(ω)
∣∣∣
2

dω

= 2ε0 c (ωmax − ωmin)|Eω|2

H = 2 ε0 c∆ω E2
ω

Eω =

√
H

2 ε0 c∆ω
(2.1.24)

We can calculate E(t) by inverse Fourier transforming Ê(ω):

E(t) =
1√
2π

∫ ∞

−∞
Ê(ω) eiωt dω

=
1√
2π

[∫ −ωmin

−ωmax

Eω e−iϕ eiωt dω +

∫ ωmax

ωmin

Eω eiϕ dω

]

=
Eω√
2π

[
e−iϕ

∫ −ωmin

−ωmax

eiωt dω + eiϕ
∫ ωmax

ωmin

eiωt dω

]

=
Eω√
2π

[
e−iϕ

eiωt

it

∣∣∣∣
−ωmin

−ωmax

+ eiϕ
eiωt

it

∣∣∣∣
ωmax

ωmin

]

=
Eω√
2π

[
e−iϕ

(
e−iωmint

it
− e−iωmaxt

it

)
+ eiϕ

(
eiωmaxt

it
− eiωmint

it

)]

E(t) =
Eω√
2π

1

it

[
e−iϕ

(
e−iωmint − e−iωmaxt

)
+ eiϕ

(
eiωmaxt − eiωmint

)]
(2.1.25)
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Now we combine the ωmax or ωmin terms together to get phase-shifted unnormalized sinc functions:

E(t) =
Eω√
2π

2

t

[
ei(ωmaxt+ϕ) − e−i(ωmaxt+ϕ)

2i
− ei(ωmint+ϕ) − e−i(ωmint+ϕ)

2i

]

=
Eω√
2π

2

t
[sin(ωmaxt+ ϕ)− sin(ωmint+ ϕ)]

E(t) =
2 Eω√

2π

[
sin(ωmaxt+ ϕ)− sin(ωmint+ ϕ)

t

]
(2.1.26)

This form has a clear intuitive picture: it is the inverse Fourier transform of a rectangle from −ωmax

to ωmax with the inverse Fourier transform of a rectangle from −ωmin to ωmin removed. This is

exactly what we should have expected to get since the Fourier transform is linear. We can continue

simplifying to get it into the envelope-carrier form by using a sum-to-product identity

sin(a)− sin(b) = 2 sin

(
a− b

2

)
cos

(
a+ b

2

)
. (2.1.27)

Armed with this identity, we can combine the two terms:

E(t) =
4 Eω√

2π

sin
(
ωmax−ωmin

2 t
)

t
cos

(
ωmax + ωmin

2
t+ ϕ

)

=
4 Eω√

2π

sin
(

∆ω
2 t
)

t
cos(ωc t+ ϕ)

=
4 Eω√

2π

∆ω

2
sinc

(
∆ω

2
t

)
cos(ωc t+ ϕ)

=

√
2

π
Eω ∆ω sinc

(
∆ω

2
t

)
cos(ωc t+ ϕ)

E(t) = Et sinc

(
∆ω

2
t

)
cos(ωc t+ ϕ) (2.1.28)

where ωc = (ωmax + ωmin)/2 and Et =
√

2/π Eω ∆ω. Figure 2.1 shows examples of sinc pulses

with various carrier-envelope phases. These pulse typically have a central region with two or three

high-intensity electric field peaks, preceded and followed by a long train of decaying peaks.

For implementation purposes it is convenient to have Et in terms of the pulse fluence. Referring
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Figure 2.1: Electric fields of sub-cycle sinc pulses with various phases.

to (2.1.24), we have

Et =

√
2

π
Eω ∆ω (2.1.29)

=

√
2

π

√
H

2 ε0 c∆ω
∆ω

Et =

√
H ∆ω

π ε0 c
(2.1.30)

In carrier-envelope form it is clear that the transform-limited sinc pulse is a cosine oscillating

under a sinc envelope. Unlike the other envelope functions we consider, sinc can be both positive

and negative, so it may reverse the sign of the cosine. Additionally, since sinc has its own zeros,
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the overall pulse will have envelope-enforced zeros (regardless of the choice of ϕ) whenever

sinc

(
∆ω

2
t

)
= 0 (2.1.31)

=⇒ sin

(
∆ω

2
t

)
= 0 t 6= 0 (2.1.32)

=⇒ ∆ω

2
t = nπ n 6= 0 (2.1.33)

=⇒ t =
2π

∆ω
n n 6= 0 (2.1.34)

as well as additional zeros from the carrier.

We define τ = 2π/∆ω = 1/∆f to be the pulse width in the time domain. Although t = τ is not

generally the position of the first electric field zero, it does define the region over which the pulse

intensity will be dramatically larger than at earlier or later times. To highlight the role of the pulse

width, we can write the pulse in the convenient form

E(t) = Et sinc

(
π
t

τ

)
cos(ωc t+ ϕ) (2.1.35)

where the sinc function has been effectively replaced by the normalized sinc function.

At fixed fluence, the electric field amplitude decreases as the square root of the pulse width:

Et =

√
H ∆ω

π ε0 c
=

√
2H

ε0 c τ
(2.1.36)

For a ϕ = 0 sinc pulse, the relationship between H and Ip is

Ip = 2
H

τ
(2.1.37)

2.1.4.2 Gaussian Pulses

For the Gaussian pulse we will go in reverse (desired electric field to amplitude spectrum) because

we want to make sure we get the right bandwidth from our pulse width. A transform-limited
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Gaussian electric field pulse with a carrier frequency ωc, carrier phase ϕ, and pulse width τ is

E(t) = Et exp

(
−1

2

(
t

τ

)2
)

cos(ωc t+ ϕ) (2.1.38)

The Fourier transform is simple to compute using the results for the Fourier transform of a function

multiplied by a cosine, and the Gaussian integral

∫ ∞

−∞
e−ax

2+bx dx =

√
π

a
eb

2/4a (2.1.39)

Using these, we have

Ê(ω) = Et
1

2

[
eiϕf̂(ω + ω0) + e−iϕf̂(ω − ω0)

]
(2.1.40)

where

f̂(ω) =
1√
2π

∫ ∞

−∞
exp

(
−1

2

(
t

τ

)2
)
e−iωt dt (2.1.41)

=
1√
2π

√
π

1/2τ2
exp

(
−1

2
(ωτ)2

)
(2.1.42)

f̂(ω) = τ exp

(
−1

2
(ωτ)2

)
(2.1.43)

We can plug in to get the electric field amplitude spectrum:

Ê(ω) = Eω
[
eiϕ exp

(
−1

2
[(ω + ωc)τ ]2

)
+ e−iϕ exp

(
−1

2
[(ω − ωc)τ ]2

)]
(2.1.44)

where Eω = Etτ/2. The amplitude spectrum is Hermitian: a Gaussian centered at ωc, with width

determined by the pulse width τ .
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We can determine the pulse fluence from Ê(ω):

H = ε0 c

∫ ∞

−∞

∣∣∣Ê(ω)
∣∣∣
2

dω (2.1.45)

= 2ε0 c

∫ ∞

0

∣∣∣∣Eωe−iϕ exp

(
−1

2
[(ω − ωc)τ ]2

)∣∣∣∣
2

dω (2.1.46)

= 2ε0 c E2
ω

∫ ∞

0
exp
(
−[(ω − ωc)τ ]2

)
dω (2.1.47)

= 2ε0 c E2
ω

√
π

τ
(2.1.48)

H = 2
√
π ε0 c

E2
ω

τ
(2.1.49)

Et =

√
2H√
π ε0 c τ

(2.1.50)

Note that we implicitly assumed that ωc � 1/τ in the second line. If this is not the case, there

may be overlap between the two halves of the spectrum near ω = 0 which introduces interference-

like terms in the integral which we have not accounted for. Although for femtosecond pulses this

is rarely a concern, attosecond pulses may require ωc > 2000 THz. This assumption is realistic

because we do not expect any zero-frequency components in the pulse, which ωc < τ implies (i.e.,

if the bandwidth is larger than the center frequency, there must be amplitude at ω = 0.). See

Section 2.1.5 for more discussion on DC correction.

For a ϕ = 0 Gaussian pulse, the relationship between H and Ip is

Ip =
2√
π

H

τ
. (2.1.51)

We recently became interested in nearly-single-cycle Gaussian pulses. The immediate question

is: for a given pulse width, what is the smallest the carrier frequency can be? I think a sensible way

to do this is to set some cutoff in the power spectrum based on the variance of the power spectrum.

If we look at just the positive half of the amplitude spectrum and square it, we find

∣∣∣Ê(ω > 0)
∣∣∣
2

= E2
ω exp

(
−
[
ω − ωc

1/τ

]2
)

(2.1.52)

∣∣∣Ê(ω > 0)
∣∣∣
2

= E2
ω exp

(
−1

2

[
ω − ωc
1/
√

2τ

]2
)
. (2.1.53)
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So the standard deviation of the power spectrum in angular frequency is 1/
√

2τ . Let’s say we want

Nσ standard deviations of exclusion between the carrier frequency and zero frequency. Then the

minimum carrier frequency is

ωc,min =
πNσ√

2τ
(2.1.54)

fc,min =
Nσ

2
√

2πτ
. (2.1.55)

Example: for a τ = 200 as Gaussian pulse, fc,min ≈ Nσ × 563 THz.

Yet another parameterization would be to fix the number of cycles of the carrier under the

envelope. We choose the number of pulse widths (i.e., standard deviations of the envelope) to

consider, Nτ , typically 3. The amount of time “under the envelope” is then Nττ . The number of

cycles under the envelope is

Nc =
Nττ

Tc
, (2.1.56)

where Tc = 1/fc = 2π/ωc is the period of the carrier wave. Therefore we choose

ωc =
2πNc

Nττ
(2.1.57)

to be the carrier frequency of the pulse.
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Figure 2.2: Electric fields of few-cycle Gaussian pulses with various phases. The pulses are created
using the “number of cycles” method, with four cycles under the envelope.

2.1.4.3 Sech Pulses

We will again go from the desired electric field,

E(t) = Et sech

(
t

τ

)
cos(ωc t+ ϕ) (2.1.58)

to the amplitude spectrum. The Fourier transform of E(t) is simple to compute using the tabulated

result for the Fourier transform of a function multiplied by a cosine, once we know what the Fourier

transform of sech is. It is reasonably straightforward to show that

F{sech(at)} (ω) =
1√
2π

∫ ∞

−∞
sech(at) e−iωt dt =

1

a

√
π

2
sech

( π
2a
ω
)

(2.1.59)

Using this, we find that the electric field amplitude spectrum of a sech pulse is

Ê(ω) = Eω
[
eiϕ sech

(π
2
τ (ω + ωc)

)
+ e−iϕ sech

(π
2
τ (ω − ωc)

)]
(2.1.60)
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where Eω = Etτ
√
π/2. We can now determine the fluence in terms of Et or Eω:

H = ε0 c

∫ ∞

−∞

∣∣∣Ê(ω)
∣∣∣
2

dω

H = 2ε0 c

∫ ∞

0

∣∣∣Eωe−iϕ sech
(π

2
τ (ω + ωc)

)∣∣∣
2

dω

H = 2ε0 c E2
ω

∫ ∞

0
sech2

(π
2
τ (ω + ωc)

)
dω

H = 2ε0 c E2
ω

2

πτ
tanh(x)

∣∣∣∣
∞

−∞

H = 2ε0 c E2
ω

2

πτ
2

H =
8ε0 c E2

ω

πτ

Et =

√
H

ε0cτ
(2.1.61)
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Figure 2.3: Electric fields of few-cycle sech pulses with various phases.
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2.1.4.4 Cosine-Squared Pulses

Cosine-squared pulses are interesting because, despite having a very smooth envelope, their Fourier

transforms are very simple, looking similar to a frequency comb. They also have an extremely pre-

dictable envelope zero, which people use as the cutoff time. Such a pulse is typically parameterized

directly by the number of cycles in the pulse, Nc:

E(t) = Et cos2

(
ωc

2Nc
t

)
cos(ωc t+ ϕ) (2.1.62)

The term ωc/2Nc needs the division by two because the cos2 has half the period of the carrier. To

see this, locate the first envelope zeros. They occur when

ωc
2Nc

t = ±π
2

t = ±2Nc

ωc

π

2

t = ± 2Nc

2πfc

π

2

t = ± Nc

2 fc

t = ±Nc Tc
2

(2.1.63)

where Tc is the period of the carrier wave. The total time between the inner pair of envelope zeros

is then NcTc, which is exactly enough time for Nc cycles of the carrier wave.

As mentioned above, the Fourier transform of a cosine-squared pulse is rather interesting. We

evaluate it by multiplying in one cosine at a time inside the Fourier transform on the left, starting

with just the carrier wave:

F{cos(ωc t+ ϕ)} =

√
π

2

[
eiϕ δ(ω − ωc) + e−iϕ δ(ω + ωc)

]

F

{
cos

(
ωc

2Nc
t

)
cos(ωc t+ ϕ)

}
=

√
π

8

[
eiϕ
{
δ

(
ω − ωc −

ωc
2Nc

)
+ δ

(
ω − ωc +

ωc
2Nc

)}

+e−iϕ
{
δ

(
ω + ωc −

ωc
2Nc

)
+ δ

(
ω + ωc +

ωc
2Nc

)}]

(2.1.64)
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Figure 2.4: Electric fields of few-cycle cosine-squared pulses with various phases.

and finally,

F

{
cos2

(
ωc

2Nc
t

)
cos(ωct+ ϕ)

}
=

√
π

32

[
eiϕ
{
δ

(
ω − ωc −

ωc
2Nc

− ωc
2Nc

)

+ δ

(
ω − ωc −

ωc
2Nc

+
ωc

2Nc

)

+ δ

(
ω − ωc +

ωc
2Nc

− ωc
2Nc

)

+δ

(
ω − ωc +

ωc
2Nc

+
ωc

2Nc

)}

+ e−iϕ
{
δ

(
ω + ωc −

ωc
2Nc

− ωc
2Nc

)

+ δ

(
ω + ωc −

ωc
2Nc

+
ωc

2Nc

)

+ δ

(
ω + ωc +

ωc
2Nc

− ωc
2Nc

)

+δ

(
ω + ωc +

ωc
2Nc

+
ωc

2Nc

)}]
(2.1.65)
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Applying this to E(t), we have

Ê(ω) = Et
√

π

32

[
eiϕ
{
δ

(
ω − ωc

(
1 +

1

Nc

))
+ 2 δ(ω − ωc) + δ

(
ω − ωc

(
1− 1

Nc

))}

+ e−iϕ
{
δ

(
ω + ωc

(
1− 1

Nc

))
+ 2 δ(ω + ωc) + δ

(
ω + ωc

(
1 +

1

Nc

))}]
(2.1.66)

2.1.5 DC and Fluence Correction

One concern throughout all of this is that we are doing Fourier transforms, which require continuous,

infinite domains in time and frequency space. Any time-domain simulation will necessarily be

performed using a finite, discrete set of times. This causes two kinds of distortion in the simulated

pulses compared to the theoretical pulses.

1. The amplitude spectrum has an upper cutoff frequency determined by the simulation time

step.

2. The amplitude spectrum is “binned” into bins whose size is determined by the upper cutoff

frequency and the total number of time steps.

3. The simulated pulse will typically have some non-zero zero-frequency amplitude in its discrete

Fourier transform, even if the Fourier transform of the theoretical pulse does not, because the

total simulation time is not infinite.

4. The simulated pulse will typically not have the fluence that theory would predict (off by

a fraction of a percent). This is roughly the same problem as any numerical integration

technique will have at predicting the integral of a smooth function.

The first two problems are relatively easy to solve, at moderate computational cost: always use

a time step smaller than the inverse Nyquist frequency of the largest frequency you want to model,

and always run the simulation for several pulse widths before and after the main body of the pulse.

To deal with the third problem, we developed a DC correction technique (“DC” in analogy

to electronics, where the “DC” component is the zero-frequency component). For every pulse but

sinc, this problem can be largely neglected, because the pulse amplitude drops very rapidly beyond

roughly a pulse width from the pulse center. For a sinc envelope, however, the pulse has very



78

long tails in both directions. The vector potential does not return to zero (equivalent to the DC

component of the amplitude spectrum not being zero) cleanly without including an extraordinarily

large number of pulse widths on either side of the pulse centers (hundreds) 1. Worse, as a tradeoff

to improve computation time, we generally simulate about 30 pulse widths on either side, and then

cut the sinc pulse off with a symmetric logistic window. This only makes the problem worse.

As a solution, the DC correction algorithms adds a new, constants electric field under the same

window as the pulse itself. The amplitude of this new field is numerically optimized to get the vector

potential to zero at the end of the simulation. This field is typically extremely small compared to

the pulse itself (by several orders of magnitude). Tests run with and without this correction are

not significantly different, but it does assuage a real fear: the pulses we are modeling would not

be physically possible without it. Including this correction is important to make sure we do not

accumulate any subtle differences from reality.

We also implemented fluence correction to deal with the fourth problem. When asked to

construct a pulse with the given fluence, it adjusts the Et that is actually used to set the numerically-

calculated fluence equal to the given value, instead of simply using the Et predicted by theory. We

have never found this difference to be significant, but that is at least partially a result of the low

nonlinear order of the process at work in most of the discussion below. In a highly nonlinear

process, small changes in the total fluence could indeed cause large changes in the dynamics.

2.2 Electron Dynamics in an Electromagnetic Wave

Just as we first analyzed the dynamics of the electromagnetic field by itself, we will now analyze

the dynamics of an electron in that field without any other potentials.

1Pure sine-like pulses (no matter what envelope they have) never have DC components because any part of the
spectrum at a low enough frequency destructively interferes with the complex-conjugated, frequency-shifted part of
the spectrum (because the spectrum has to be Hermitian).



79

2.2.1 Classical Electron Dynamics in a Laser Field

The classical dynamics of an electron in an electromagnetic field is determined by Newton’s laws

and the Lorentz force [72]:

ṗ = q[E(r, t) + v×B(r, t)]. (2.2.1)

If E and B are the electric and magnetic fields of a traveling electromagnetic wave the force from

the magnetic field will be smaller than the electric force by a factor of v/c, so we can ignore it (non-

relativistic motion). This also lets us simplify p = γmv ≈ mv. If we also assume that the electric

field that the electron sees does not change appreciably over the volume that it moves in (i.e., the

maximum excursion of the electron is much less than the wavelength of the electromagnetic field,

r(t)− r0 � λ), we can simplify (2.2.1) to

v̇ =
q

m
E(r0, t). (2.2.2)

If we integrate this equation once in time we have

v(t) = v0 +
q

m

∫ t

t0

E(r0, τ) dτ (2.2.3)

v(t) = v0 −
q

m
[A(r0, t)−A(r0, t0)]. (2.2.4)

Note that since A(r0,∞) = A(r0,−∞) = 0 for an isolated spatially homogeneous electric field

pulse, the electron can acquire no net velocity from the field. A simple way to see this explicitly is

to define the canonical momentum pcan(t) = mv(t) + qA(r0, t) = mv0. Then (2.2.3) has the

form of a conservation law:

v(t) +
q

m
A(r0, t) = v0 +

q

m
A(r0, t0) (2.2.5)

pcan(t) = pcan(t0). (2.2.6)

This is the proof of the statement given in the introduction to this chapter: a free electron cannot

absorb energy from a laser pulse under the dipole approximation.
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Alternatively, if we define a drift velocity vd = pcan(t0)/m, it is clear that the electron’s velocity

has two components:

v(t) = vd −
q

m
A(r0, t) (2.2.7)

The drift velocity is constant. If we integrate this equation we find that

r(t) = α(t, t0) + (t− t0)vd + r0, (2.2.8)

where

α(t, t0) = − q

m

∫ t

t0

A(r0, τ) dτ (2.2.9)

is the displacement vector caused by the quiver motion.

Note the rather strict assumptions leading to this conclusion. In the dipole approximation, the

electric field is treated as spatially homogeneous, and thus we can ignore the magnetic field. If

the magnetic field cannot be ignored, or the electric field varies in space, the electron can gain

energy from its interaction with the fields. This leads to “particle-like” scattering effects (like

Compton scattering) when the photon energy is large (and thus the wavelength is short enough

that we cannot use the dipole approximation). In these kinds of scattering events, free electrons

(or charged particles in general) can indeed absorb energy and momentum from photons.

2.2.2 Quantum Electron Dynamics in a Laser Field

Armed with some knowledge about the classical problem (see Section 2.2.1), we can now tackle the

quantum problem. The interaction of an electron with the laser field given by Φ(r, t) and A(r, t)

is controlled by the Hamiltonian [79]

Ĥ(r, t) =
1

2m
(p̂− qA)2 + qΦ

Ĥ(r, t) =
p̂2

2m
− q

2m
(A · p̂ + p̂ ·A) +

q2

2m
A2 + qΦ (2.2.10)
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In the position representation p̂ = −i~∇. If we plug this in we get

Ĥ(r, t) = − ~2

2m
∇2 + i

q~
2m

(A ·∇+∇ ·A) +
q2

2m
A2 + qΦ (2.2.11)

This is the master equation for laser-electron interactions. We will perform various manipulations

and approximations of it to get it into forms that we can work with.

A simple way to reduce the complexity of (2.2.11) is to choose our gauge to eliminate some

term. For example, in the Coulomb gauge,

∇ ·A = 0 (2.2.12)

Using this we can simplify the symmetric term in the middle by using:

∇ · (Aψ) = A ·∇Ψ + Ψ · (∇ ·A)

∇ · (Aψ) = A ·∇Ψ (2.2.13)

which is just another copy of the first term in the symmetric pair. Therefore, in the Coulomb

gauge, (2.2.11) reduces to

ĤC(r, t) = − ~2

2m
∇2 + i

q~
m
A(r, t) ·∇+

q2

2m
A2(r, t) + qΦ (2.2.14)

Note that we have left Φ in the equation, despite being in the Coulomb gauge where Φ = 0. This is

to make it clear where it’s supposed to go for later use when performing more gauge transformations.

Alternatively, if we neglect the spatial variation of the laser field we can dramatically simplify

(2.2.11). This is a reasonable assumption as long as the size of the dynamic system is small

compared to the wavelength of the laser. An implication of this is that there will be no magnetic

effects under this approximation: if the size of the system is small compared to the wavelength of

the laser, the velocities must be small as well, so that particles stay inside the system.

In fact, the lack of magnetic effects can be seen explicitly. If the electric field is spatially
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homogeneous A must be as well, since they are related only by time operations:

A(t) = −
∫ t

−∞
E(τ) dτ (2.2.15)

E(t) = −dA(t)

dt
(2.2.16)

Since A is not a function of r, ∇×A = B = 0. We also have ∇ ·A = 0, which is similar to the

result of going to the Coulomb gauge. Applying all of the above to (2.2.11), we get

ĤD(r, t) = − ~2

2m
∇2 + i

q~
2m
A(t) ·∇+

q2

2m
A2(t) + qΦ

ĤD(r, t) = − ~2

2m
∇2 − q

m
A(t) · p̂ +

q2

2m
A2(t) + qΦ (2.2.17)

Despite the apparent similarity in form of the resulting Hamiltonians for the Coulomb gauge

and dipole approximation, they are quite different! In the Coulomb gauge we retain the full spatial

dependence of A. The dipole approximation throws this information away, resulting in much

simpler calculations, but also making it inappropriate in situations where magnetic effects may

play a role (the distinction is quite important and often not paid attention to [76–78]).

We will now simplify (2.2.17) in two different ways. The first way will add a gradient to A

that eliminates the two middle terms of ĤD and transforms the last term into a more intuitive

operator. This method will produce the length gauge Hamiltonian. The second way will add

a different gradient to A to eliminate the last two terms in the Hamiltonian entirely. This method

will produce the velocity gauge Hamiltonian.

Before we dive in it is important to review what happens when we perform a gauge transforma-

tion on the Schrödinger equation. A general gauge transformation of the electromagnetic potentials

and the wavefunction is

A→ A′ = A+∇Λ (2.2.18a)

Φ→ Φ′ = Φ− ∂Λ

∂t
(2.2.18b)

Ψ→ Ψ′ = eiqΛ/~ Ψ (2.2.18c)

The function Λ can be an arbitrary real smooth function of r and t. The transformed wavefunction
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Ψ′ satisfies the Schrödinger equation for the transformed potentialsA′ and Φ′. Any physical expec-

tation value of Ψ can be calculated from it by performing the above transformation in reverse, or

by using transformed operators. Both the original wavefunction and the transformed wavefunction

have the same physical expectation values.

If Ψ′ and Ψ seem to have the same information, why bother transforming? They key is that,

because the phase Λ is a function of both position and time, it dramatically changes the spatial

representation of the wavefunction, and can therefore influence the computational complexity of

the dynamics, both analytically and numerically.

To go to the length gauge we want a gauge transformation that eliminates the presence of A

in (2.2.17). To do this we want

A′(t) = A(t) +∇Λ = 0

=⇒ ∇Λ = −A(t)

=⇒ Λ = −A(t) · r (2.2.19)

which works out nicely because A(t) is not a function of r in the dipole approximation. With this

choice we have

A→ A′ = A−∇A(t) · r

Φ→ Φ′ = Φ +
∂

∂t
A(t) · r = 0 +

∂A
∂t
· r = −E(t) · r

Ψ→ ΨL = exp
(
−i q

~
A(t) · r

)
Ψ (2.2.20)

Now we plug this transformation into (2.2.17). We get a Schrödinger-like equation for ψL:

i~
∂

∂t
ΨL(r, t) =

(
− ~2

2m
∇2 − q E(t) · r

)
ΨL(r, t) (2.2.21)

The name “length gauge” comes from the coupling of E to the distance r.

To go to the velocity gauge we want a gauge transformation that uses Φ′ to eliminate the A2
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term in (2.2.17). In particular we want

qΦ′ = qΦ− q∂Λ

∂t
= −q∂Λ

∂t
= − q2

2m
A2(t)

=⇒ ∂Λ

∂t
=

q

2m
A2(t)

=⇒ Λ =
q

2m

∫ t

−∞
A2(τ) dτ (2.2.22)

Since Λ is not a function of r, we have

A→ A′ = A+
q

2m
∇A2(t) = A

Φ→ Φ′ = Φ− ∂Λ

∂t
= 0− q

2m
A2(t) = − q

2m
A2(t)

Ψ→ ΨV = exp

(
i
q2

2m~

∫ t

−∞
A2(τ) dτ

)
Ψ (2.2.23)

The Schrödinger-like equation for ΨV is

i~
∂

∂t
ΨV (r, t) =

(
− ~2

2m
∇2 − q

m
A(t) · p̂

)
ΨV (r, t) (2.2.24)

The name “velocity gauge” comes from the coupling of A to the “velocity” operator, p̂/m. In this

sense both the kinetic energy and the interaction term are of the form “momentum squared over

mass”, since eA and p̂ both have units of momentum.

The most important fact about these two gauge transformations (or any other gauge transfor-

mation) and associated wavefunctions ΨL and ΨV is that they have the same value for any physical

observable quantity. Each wavefunction can be found from the other by concatenating the relevant

phase transformations the connect it to the original dipole-approximated wavefunction ΨD:

ΨL = exp
(
−i q

~
A(t) · r

)
exp

(
−i q

2

2m~

∫ t

−∞
A2(τ) dτ

)
ΨV (2.2.25a)

ΨV = exp
(
i
q

~
A(t) · r

)
exp

(
i
q2

2m~

∫ t

−∞
A2(τ) dτ

)
ΨL (2.2.25b)

See Appendix F for a discussion of what the differences are between these two wavefunctions

numerically.

In general, in this work, when not specified, Ψ means ΨL. Additionally, even though we used
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gauge transformations to eliminate Φ (implicitly or explicitly) for both the length and velocity

gauges in free space, we will usually add back in simple static potentials like the electric potential

of the atomic nucleus and not transform them away. This choice makes it convenient to separate

the interaction Hamiltonian (E · r, A · p̂, or similar) from the internal Hamiltonian of the

system, which includes the kinetic energy operator and and any other parts of the Hamiltonian

that we want to attribute to the steady-state behavior of the system, such as static potentials.

2.2.3 Gordon-Volkov States

Gordon-Volkov states are the states of an electron in a classical laser field under the dipole approxi-

mation. They correspond to the “simple harmonic motion plus drift velocity” result that we would

expect from an electron exposed to a laser field. In the context of our simulations, they are mostly

useful as a diagnostic tool for understanding the state of the wavefunction during the simulation.

We will look for a solution |χ〉 using the Schrödinger equation under the dipole approximation

in the velocity gauge (2.2.24):

i~
∂

∂t
χV (r, t) = ĤV χV (r, t)

i~
∂

∂t
χV (r, t) =

(
p̂2

2m
− q

m
A(t) · p̂

)
χV (r, t) (2.2.26)

Although χV will not be a momentum or energy eigenstate (the Hamiltonian is time-dependent,

so it has no eigenstates), the momentum operator p̂ does commute with the Hamiltonian, so we

should look for a solution of the form

χVk (r, t) = fk(t)
[
(2π)−3/2eik·r

]
(2.2.27)

Note that fk(t) does not depend on r, so the momentum operators don’t interact with it. That

means that if we plug this in to the original differential equation we can use the fact that eik·r is an

eigenstate of p̂ with eigenvalue ~k to reduce the Schrödinger equation to a first-order differential
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equation for fk(t):

i~
∂

∂t
χV (r, t) =

(
p̂2

2m
− q

m
A(t) · p̂

)
χV (r, t)

i~
∂

∂t
fk(t)

[
(2π)−3/2eik·r

]
=

(
p̂2

2m
− q

m
A(t) · p̂

)
fk(t)

[
(2π)−3/2eik·r

]

i~ ḟk(t) eik·r =

(
~2k2

2m
− q

m
A(t) · k

)
fk(t) eik·r

i~ ḟk(t) =

(
~2k2

2m
− q

m
A(t) · k

)
fk(t) (2.2.28)

This equation can be integrated to find fk(t):

ḟk(t) = −i
(
Ek
~
− q

m
A(t) · k

)
fk(t)

fk(t) = exp

[
−i
(
Ek
~
t− q

m

∫ t

−∞
dτ A(τ) · k

)]

fk(t) = exp

[
−i
(
Ek
~
t+ α(t) · k

)]
(2.2.29)

where Ek = ~2k2/2m is the energy of an electron with wavevector k in free space and α(t) is the

quiver motion displacement vector (2.2.9). The integration prefactor is chosen to be 1 so that the

resulting wavefunction is δ-normalized in k. The full Gordon-Volkov wavefunction in the velocity

gauge is then

χVk (r, t) = (2π)−3/2 exp[ik · r] exp

[
−i
(
Ek
~
t+ α(t) · k

)]

= (2π)−3/2 exp

[
−i
(
Ek
~
t+ α(t) · k− k · r

)]

χVk (r, t) = (2π)−3/2 exp

[
ik · (r−α(t))− iEk

~
t

]
(2.2.30)

This precisely matches the behavior of the classical electron in the same laser field: the electron’s

wavefunction is a plane wave with drift momentum ~k and energy Ek which is “dressed” by the

induced quiver motion.

Note that the momentum operator “sees through” the extra phase factors and extracts the drift
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momentum:

p̂
∣∣χVk (t)

〉
= ~k

∣∣χVk (t)
〉

(2.2.31)

This extends to the field-free Hamiltonian:

p̂2

2m

∣∣χVk (t)
〉

=
~2k2

2m

∣∣χVk (t)
〉

(2.2.32)

This indicates that the extra phase “information” is being stored “in” the vector potential itself, via

the vector potential operator. Think of this as combining the Schrödinger and Heisenberg pictures:

some information about the state is being stored in the ket, and some in the operator. It also hints

as to the computational efficiency of the velocity gauge: because the extra phase information is

stored in the vector potential, we don’t need to include it in the main calculations.

The discussion in [72] provides χL(r, t) as well as evolution operators written in the basis of

Gordon-Volkov states.

2.3 Solving the Time-Dependent Schrödinger Equation Numeri-

cally

In this section we will develop techniques to solve the time-dependent Schrödinger equation nu-

merically in “three” dimensions. Because we only work with linearly-polarized pulses, we have

azimuthal symmetry. This lets us reduce the problem to two dimensions in all cases. We will begin

by defining a simple mesh of cylindrical slices in Section 2.3.1, and then iteratively improve on it

in the following sections.

2.3.1 Cylindrical-Slice Mesh

2.3.1.1 The Mesh

In this simulation we discretize space into a cylindrically symmetric mesh of points. We enforce

azimuthal symmetry and consider only a single φ-slice of the mesh, which forces m = 0. The mesh
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therefore has two coordinates, ρ and z:

ρ→ ρj =

(
j +

1

2

)
∆ρ j = 0, 1, 2, · · · , Nρ (2.3.1a)

z → zk =

(
k − Nz

2

)
∆z k = 0, 1, 2, · · · , Nz (2.3.1b)

In these notes we will refer to “the mesh”, “a mesh”, and “the g mesh”. “The mesh” refers to

the physical locations of the points, so that a function may be “defined on the mesh”, for example.

“A mesh” is some field that has a value at every point on the mesh. “The g mesh” refers to the

particular mesh that represents the wavefunction on the mesh (the notation will become clear in

the next section). For example, the result of applying the Hamiltonian to the g mesh produces a

mesh that we could call Ĥg.

2.3.1.2 The Wavefunction and Inner Products

The next step is to discretize the wavefunction. However, to simplify our calculations we will first

make the transformation Ψ ≡ g/
√

2πρ. To see why this is helpful, consider the inner product of

two wavefunctions Ψ1(ρ, z) and Ψ2(ρ, z) on the mesh:

〈Ψ1|Ψ2〉 =

∫

V
Ψ∗1(r) Ψ2(r) dV

=

∫ 2π

0

∫ ∞

−∞

∫ ∞

0
Ψ∗1(ρ, z) Ψ2(ρ, z) ρ dρ dz dφ

= 2π

∫ ∞

−∞

∫ ∞

0
Ψ∗1(ρ, z) Ψ2(ρ, z) ρ dρ dz

= 2π

∫ ∞

−∞

∫ ∞

0

g∗1(ρ, z)√
2πρ

g2(ρ, z)√
2πρ

ρ dρ dz

=

∫ ∞

−∞

∫ ∞

0
g∗1(ρ, z) g2(ρ, z) dρ dz

〈Ψ1|Ψ2〉 →
∑

jk

g∗1, jk g2, jk ∆ρ∆z ≡ 〈g1|g2〉 (2.3.2)

We see that with this transformation the discretized inner product on the mesh is simply a sum over

the element-wise product of the wavefunction’s associated g meshes (with one of them complex-

conjugated). This transformation will also facilitate calculation of the derivatives in the Schrödinger

equation, as described in the next section. In fact, this method will work for any operator that
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can be defined as an operation on the g mesh that returns a mesh, and thus works for expectation

values of operators as well.

This works so well because the transformation factor is the square root of the Jacobian integrated

over the symmetric variables (in this case φ, which gives the 2π). This factor then cancels when

we try to take the inner product. We are taking our initial 3-dimensional cylinder and collapsing

it down into a 2-dimensional rectangle which we will perform calculations on.

2.3.1.3 The Hamiltonian

All time evolution in this simulation is performed by numerically integrating the Schrödinger equa-

tion. To perform these calculations we must represent the Hamiltonian as a matrix operator acting

on a “flattened” g mesh, a g vector. The time-dependent Schrödinger equation for a hydrogen

atom’s electron interacting with an electric field is

i~
∂Ψ

∂t
= ĤΨ

i~
∂Ψ

∂t
=

[
− ~2

2m
∇2 − keq

2

r
− qz E(t)

]
Ψ (2.3.3)

Of the three terms on the right, only the Laplacian is nontrivial to implement numerically on a

mesh (the other two can be evaluated at each point individually). Focus on that term, and write

it in cylindrical coordinates:

i~
∂Ψ

∂t
= − ~2

2m
∇2Ψ + · · ·

i~
∂Ψ

∂t
= − ~2

2m

[
1

ρ

∂Ψ

∂ρ
+
∂2Ψ

∂ρ2
+
∂2Ψ

∂z2

]
+ · · · (2.3.4)

Note the lack of an angular derivative, because we have already assumed angular symmetry (the

derivative is zero). Now make the transformation Ψ = g/
√

2πρ (note that this does nothing to the

two terms in the Hamiltonian that we are not considering):

1√
2πρ

i~
∂g

∂t
= − ~2

2m

1√
2π

[
1

ρ

∂

∂ρ

(
g√
ρ

)
+

∂2

∂ρ2

(
g√
ρ

)
+

1√
ρ

∂2g

∂z2

]
+ · · · (2.3.5)
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Now we will put this equation on the standard mesh. We use centered differences for the derivatives:

∂2g

∂z2
→ gj,k+1 + gj,k−1 − 2gj,k

∆z2

∂

∂ρ

(
g√
ρ

)
→ 1

2 ∆ρ


 gj+1,k√

(j + 3
2)∆ρ

− gj−1,k√
(j − 1

2)∆ρ




∂2

∂ρ2

(
g√
ρ

)
→ 1

∆ρ2


 gj+1,k√

(j + 3
2)∆ρ

+
gj−1,k√

(j − 1
2)∆ρ

− 2gj,k√
(j + 1

2)∆ρ


 (2.3.6)

The z kinetic energy component separates out cleanly:

K(z)gjk = − ~2

2m

1

∆z2
[gj,k+1 + gj,k−1 − 2gj,k] (2.3.7)
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where we now think of K(z) as an operator acting on g. The ρ component can be simplified:

K(ρ)g = − ~2

2m

[
1√
ρ

∂

∂ρ

(
g√
ρ

)
+
√
ρ
∂2

∂ρ2

(
g√
ρ

)]

K(ρ)gjk = − ~2

2m


 1

2 ∆ρ
√

(j + 1
2)∆ρ


 gj+1,k√

(j + 3
2)∆ρ

− gj−1,k√(
j − 1

2

)
∆ρ




+

√(
j +

1

2

)
∆ρ

1

∆ρ2


 gj+1,k√(

j + 3
2

)
∆ρ

+
gj−1,k√(
j − 1

2

)
∆ρ
− 2gj,k√

(j + 1
2)∆ρ






= − ~2

2m

1

∆ρ2


 1

2
√
j + 1

2


 gj+1,k√

j + 3
2

− gj−1,k√
j − 1

2




+

√
j +

1

2


 gj+1,k√

j + 3
2

+
gj−1,k√
j − 1

2

− 2gj,k√
j + 1

2






= − ~2

2m

1

∆ρ2






1
2√(

j + 1
2

)(
j + 3

2

) +

√
j + 1

2√(
j + 3

2

)


gj+1,k

+


 −1

2√(
j + 1

2

)(
j − 1

2

) +

√
j + 1

2√(
j − 1

2

)


gj−1,k − 2 gj,k




= − ~2

2m

1

∆ρ2






1
2√(

j + 1
2

)(
j + 3

2

) +
j + 1

2√(
j + 3

2

)(
j + 1

2

)


gj+1,k

+


 −1

2√(
j + 1

2

)(
j − 1

2

) +
j + 1

2√(
j − 1

2

)(
j + 1

2

)


gj−1,k − 2 gj,k




= − ~2

2m

1

∆ρ2


 j + 1√(

j + 1
2

)(
j + 3

2

) gj+1,k +
j√(

j − 1
2

)(
j + 1

2

) gj−1,k − 2 gj,k




K(ρ)gjk = − ~2

2m

1

∆ρ2
[cj+1 gj+1,k + cj gj−1,k − 2 gj,k] (2.3.8)

where

cj =
j√
j2 − 1

4

c0 = 0 (2.3.9)
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In matrix form with gjk flattened into a vector along the j index, K(ρ) is

K(ρ)g(ρ) = − ~2

2m

1

∆ρ2




−2 c1 0 0
. . .

c1 −2 c2 0
. . .

0 c2 −2 c3
. . .

0 0 c3 −2
. . .

. . .
. . .

. . .
. . .

. . .







g00

g10

g20

g30

...




(2.3.10)

Note that this matrix operator is tridiagonal. If we flatten gjk along the k index instead, we see

that K(z) is also tridiagonal:

K(z)g(z) = − ~2

2m

1

∆z2




−2 1 0 0
. . .

1 −2 1 0
. . .

0 1 −2 1
. . .

0 0 1 −2
. . .

. . .
. . .

. . .
. . .

. . .







g00

g01

g02

g03

...




(2.3.11)

There are four important points about these matrix representations.

1. They are only tridiagonal when the mesh is flattened in the corresponding direction. Thus,

to apply them efficiently, we must repeatedly flatten and unwrap the mesh.

2. The cj repeat in a cycle as we switch “rows” of the mesh.

3. Certain off-diagonal elements are zero, namely at the boundaries of the mesh (if these are not

zero, we would have periodic boundary conditions).

4. Similarly, there is no modification of the terms to account for the boundaries having an

“empty” point on their other side (note the first row of the matrix in particular). This is

because we have effectively embedded our mesh in a slightly larger mesh that has Dirichlet

(g = 0) boundary conditions on it (this is the main point of making the g transformation).
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To get the full Hamiltonian we must reincorporate the potential energy terms. We do this by

putting half of each potential energy term into each component of the Hamiltonian. If we call the

potential (Coulomb and external combined) at each point on the grid Wjk, we see that this part of

the operator is simply a diagonal matrix when we operate on a flattened g mesh:

Ĥg = Ĥ(ρ)g(ρ) + Ĥ(z)g(z) =

[
K(ρ) +

1

2
W (ρ)

]
g(ρ) +

[
K(z) +

1

2
W (z)

]
g(z) (2.3.12a)

Ĥg =




− ~2

2m

1

∆ρ2




−2 c1 0 0
. . .

c1 −2 c2 0
. . .

0 c2 −2 c3
. . .

0 0 c3 −2
. . .

. . .
. . .

. . .
. . .

. . .




+
1

2




W00 0 0 0
. . .

0 W10 0 0
. . .

0 0 W20 0
. . .

0 0 0 W30
. . .

. . .
. . .

. . .
. . .

. . .










g00

g10

g20

g30

...




+




− ~2

2m

1

∆z2




−2 1 0 0
. . .

1 −2 1 0
. . .

0 1 −2 1
. . .

0 0 1 −2
. . .

. . .
. . .

. . .
. . .

. . .




+
1

2




W00 0 0 0
. . .

0 W01 0 0
. . .

0 0 W02 0
. . .

0 0 0 W03
. . .

. . .
. . .

. . .
. . .

. . .










g00

g01

g02

g03

...




(2.3.12b)

Note that the result is a g mesh, so we must “wrap up” the resulting vectors from each direction

before we add them together. Using the three different representations of g (unwrapped in ρ,

unwrapped in z, and the two-dimensional mesh itself) to ensure that the matrix operators are

always tridiagonal is the key to the speed of the simulation.

2.3.1.4 Time Evolution Operator

Now that we have the Hamiltonian we can think about the time evolution operator. We think of

the time evolution as occurring in discrete time steps ∆t. Then, using the unit operator Î and
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defining τ ≡ ∆t/2~, time evolution can be performed using

g(t+ ∆t) =
[
Î + iτĤ(ρ)

]−1 [
Î − iτĤ(z)

] [
Î + iτĤ(z)

]−1 [
Î − iτĤ(ρ)

]
g(t) (2.3.13)

where g(t) must be flattened in the appropriate direction before each matrix multiplication. This

is effectively a power series approximation in small ∆t of each operator.

To prove that (2.3.13) works, we will expand it in a power series for small τ :

g(t+ ∆t) =

[
Î − iτĤ(ρ) − τ2

(
Ĥ(ρ)

)2
+ · · ·

] [
Î − iτĤ(z)

]

×
[
Î − iτĤ(z) − τ2

(
Ĥ(z)

)2
+ · · ·

] [
Î − iτĤ(ρ)

]
g(t)

=

[
Î − iτ

(
Ĥ(ρ) + 2Ĥ(z)

)
− τ2

((
Ĥ(ρ)

)2
+ Ĥ(ρ)Ĥ(z)

)
+ · · ·

]

×
[
Î − iτĤ(z) − τ2

(
Ĥ(z)

)2
+ · · ·

] [
Î − iτĤ(ρ)

]
g(t)

=

[
Î − iτ

(
Ĥ(ρ) + 2Ĥ(z)

)
− τ2

((
Ĥ(ρ)

)2
+ 2Ĥ(ρ)Ĥ(z) + 2

(
Ĥ(z)

)2
)

+ · · ·
]

×
[
Î − iτĤ(ρ)

]
g(t)

=
[
Î − iτ

(
2Ĥ(ρ) + 2Ĥ(z)

)

−τ2

(
2
(
Ĥ(ρ)

)2
+ 2Ĥ(ρ)Ĥ(z) + 2Ĥ(z)Ĥ(ρ) + 2

(
Ĥ(z)

)2
)

+ · · ·
]
g(t)

=

[
Î − 2iτ

(
Ĥ(ρ) + Ĥ(z)

)
− 2τ2

(
Ĥ(ρ) + Ĥ(z)

)2
+ · · ·

]
g(t) (2.3.14)

This agrees with the Taylor expansion of the standard time evolution operator through second

order in ∆t:

g(t+ ∆t) = exp

[
−i∆t

~

(
Ĥ(ρ) + Ĥ(z)

)]
g(t)

g(t+ ∆t) =

[
Î − i∆t

~

(
Ĥ(ρ) + Ĥ(z)

)
− 1

2

(
∆t

~

)2(
Ĥ(ρ) + Ĥ(z)

)2
+ · · ·

]
g(t) (2.3.15)

Although (2.3.15) does seem to imply a more direct method of calculating time evolution where

we simply perform point-wise multiplication on the mesh by the time evolution operator or its

series expansion, these methods are not suitable for numerical calculations because they involve

computing the squares (or even higher powers) of large matrices, which both scales poorly and
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tends to cause overflow errors. Equation (2.3.13) deals with matrices in first order only, but is

slower than direct multiplication due to the required multiplication by matrix inverses.

Note that which of z and ρ comes first can be swapped freely as long as the structure of the

four-part matrix operation is preserved. The four steps can be thought of as, in order:

1. Evolve forwards by +∆t/2 using direction 1,

2. Evolve backwards by −∆t/2 using direction 2,

3. Evolve forwards by +∆t/2 using direction 2,

4. Evolve backwards by −∆t/2 using direction 1.

Evolving backwards in time by a negative time step is, of course, the same as evolving forwards in

time. Such a time step is implicit as opposed to explicit and tends to have much better stability

properties, at the cost of having to solve a linear system instead of a simple matrix multiplication.

The “multiplication by matrix inverse” steps look numerically daunting, but luckily, the matrices

that we need to invert in this case are tridiagonal. The tridiagonal matrix algorithm (see D) can be

used to efficiently determine the result of multiplying by the inverse without actually calculating

the inverse, which makes this time evolution method practical.

2.3.1.5 Probability Current

The probability current is defined as

J =
~

2mi
(Ψ∗∇Ψ−Ψ∇Ψ∗) (2.3.16)

Break this into directional components, as we did for the evolution operators:

J (z) =
~

2mi

(
Ψ∗

∂Ψ

∂z
−Ψ

∂Ψ∗

∂z

)
(2.3.17a)

J (ρ) =
~

2mi

(
Ψ∗

∂Ψ

∂ρ
−Ψ

∂Ψ∗

∂ρ

)
(2.3.17b)
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Using the same finite difference scheme as before, J (z) is simple:

J (z) =
~

2mi

1

2πρ

[
g∗
∂g

∂z
− g∂g

∗

∂z

]

J
(z)
jk =

~
2mi

1

2π
(
j + 1

2

)
∆ρ

[
g∗jk

(
gj,k+1 − gj,k−1

2∆z

)
− gjk

(
g∗j,k+1 − g∗j,k−1

2∆z

)]

J
(z)
jk =

~
2mi

1

2π

1

2∆ρ∆z

[
g∗jk

(
j +

1

2

)(
gj,k+1 − gj,k−1

)
− gjk

(
j +

1

2

)(
g∗j,k+1 − g∗j,k−1

)]

J
(z)
jk =

~
2m

1

2π

1

∆ρ∆z
Im

[
g∗jk

1

j + 1
2

(
gj,k+1 − gj,k−1

)
]

(2.3.18)

where we have noted that the difference of a number and its complex conjugate is twice the imag-

inary part. Also note that (unlike in the kinetic energy matrix operator) the coefficient for the

operator in the k-direction depends on the index j.

J (ρ) is slightly more complicated:

J (ρ) =
~

2mi

1

2π
√
ρ

[
g∗

∂

∂ρ

(
g√
ρ

)
− g ∂

∂ρ

(
g∗√
ρ

)]

J
(ρ)
jk =

~
2mi

1

2π
√(

j + 1
2

)
∆ρ


g∗jk

1

2 ∆ρ


 gj+1,k√

(j + 3
2)∆ρ

− gj−1,k√
(j − 1

2)∆ρ




−gjk
1

2 ∆ρ


 gj+1,k√

(j + 3
2)∆ρ

− gj−1,k√
(j − 1

2)∆ρ




 (2.3.19)

J
(ρ)
jk =

~
2mi

1

2π

1

2∆ρ2

1√
j + 1

2


g∗jk


 gj+1,k√

j + 3
2

− gj−1,k√
j − 1

2


− gjk


 gj+1,k√

j + 3
2

− gj−1,k√
−1

2






J
(ρ)
jk =

~
2m

1

2π

1

∆ρ2
Im
[
g∗jk (dj+1 gj+1,k − dj gj−1,k)

]
(2.3.20)

where

dj =
1√
j2 − 1

4

(2.3.21)

2.3.2 Spherical-Slice Mesh

Although the cylindrical-slice mesh was easy to work with, it does not have the same natural

symmetry of the problem (namely, spherical). In particular, a lot of mesh is “wasted” in the
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corners far from the nucleus, where the distance to the nucleus is larger than the straight-line

bounds of the mesh and is thus untrustworthy. To solve this problem, we will instead use a mesh

that is a single φ slice of a sphere. This section should be considered supplementary to the method

described in Section 2.3.1: simply replace the necessary results with results from this section to

switch which kind of mesh you’re working on.

2.3.2.1 The Mesh and Wavefunction

We discretize space with

r → rj =

(
j +

1

2

)
∆r j = 0, 1, 2, · · · , Nr (2.3.22a)

θ → θk =

(
k +

1

2

)
∆θ k = 0, 1, 2, · · · , Nθ ∆θ =

π

Nθ − 1
(2.3.22b)

The g transformation is

g ≡
√

2πr2 sin θΨ (2.3.23a)

Ψ =
g√

2πr2 sin θ
(2.3.23b)

which provides the desired form for the inner product:

〈Ψ1|Ψ2〉 =

∫

V
Ψ∗1(r) Ψ2(r) dV

=

∫ 2π

0

∫ π

0

∫ ∞

0
Ψ∗1(r, θ) Ψ2(r, θ) r2 sin θ dr dθ dφ

= 2π

∫ π

0

∫ ∞

0
Ψ∗1(r, θ) Ψ2(r, θ) r2 sin θ dr dθ

= 2π

∫ π

0

∫ ∞

0

g∗1(r, θ)√
2πr2 sin θ

g2(r, θ)√
2πr2 sin θ

r2 sin θ dr dθ

=

∫ π

0

∫ ∞

0
g∗1(r, θ) g2(r, θ) dr dθ

〈Ψ1|Ψ2〉 →
∑

jk

g∗1, jk g2, jk ∆r∆θ ≡ 〈g1|g2〉 (2.3.24)
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2.3.2.2 Kinetic Energy Operator

The only difference between this mesh and the cylindrical-slice mesh lies in the evaluation of the

kinetic energy term in the Hamiltonian. That means we need to understand how to evaluate

the discretized Lagrangian on this mesh. The φ-symmetric Laplacian in spherical coordinates is

typically presented as

∇2Ψ =
1

r2

∂

∂r

(
r2∂Ψ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂Ψ

∂θ

)
(2.3.25)

This form is not particularly useful since it contains compound derivatives (i.e., the derivative of

a term that itself contains a derivative in addition to other variables), which will turn into a huge

mess when we discretize the operators. There are two alternate ways to write the r term:

1

r2

∂

∂r

(
r2∂Ψ

∂r

)
=

1

r2

(
2r
∂Ψ

∂r
+ r2∂

2Ψ

∂r2

)
=

2

r2

∂Ψ

∂r
+
∂2Ψ

∂r2
(2.3.26)

or

1

r

∂2

∂r2
(rΨ) =

1

r

∂

∂r

(
Ψ + r

∂Ψ

∂r

)
=

1

r

(
2
∂Ψ

∂r
+ r

∂2Ψ

∂r2

)
=

2

r

∂Ψ

∂r
+
∂2Ψ

∂r2
(2.3.27)

We will use (2.3.27), since it contains only a single second derivative. Second derivatives lead to

much more complicated numerical equations than first derivatives do.

We can also remove the compound derivative from the θ term:

1

r2 sin θ

∂

∂θ

(
sin θ

∂Ψ

∂θ

)
=

1

r2 sin θ

(
cos θ

∂Ψ

∂θ
+ sin θ

∂2Ψ

∂θ2

)
=

1

r2

(
cot θ

∂Ψ

∂θ
+
∂2Ψ

∂θ2

)
(2.3.28)

Substituting (2.3.27) and (2.3.28) into (2.3.25), we have

∇2Ψ =
1

r

∂2

∂r2
(rΨ) +

1

r2

(
cot θ

∂Ψ

∂θ
+
∂2Ψ

∂θ2

)
(2.3.29)
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The next step is to apply the transformation (2.3.23) to (2.3.29):

∇2Ψ =
1

r

∂2

∂r2

(
r g√

2πr2 sin θ

)
+

1

r2

[
cot θ

∂

∂θ

(
g√

2πr2 sin θ

)
+

∂2

∂θ2

(
g√

2πr2 sin θ

)]

i~
1√

2πr2 sin θ

∂g

∂t
=

1

r

∂2

∂r2

(
r g√

2πr2 sin θ

)
+

cot θ

r2

∂

∂θ

(
g√

2πr2 sin θ

)
+

1

r2

∂2

∂θ2

(
g√

2πr2 sin θ

)
+ · · ·

i~
∂g

∂t
= − ~2

2m

√
sin θ

[
∂2

∂r2

(
g√
sin θ

)
+

cot θ

r2

∂

∂θ

(
g√
sin θ

)
+

1

r2

∂2

∂θ2

(
g√
sin θ

)]
+ · · ·

i~
∂g

∂t
= − ~2

2m

[
∂2g

∂r2
+

cot θ
√

sin θ

r2

∂

∂θ

(
g√
sin θ

)
+

√
sin θ

r2

∂2

∂θ2

(
g√
sin θ

)]
+ · · ·

(2.3.30)

We will now replace all of the derivatives in (2.3.30) with finite differences. Just like in the

cylindrical case, we use centered finite differences:

∂2g

∂r2
→ gj+1,k + gj−1,k − 2gj,k

(∆r)2 (2.3.31a)

cot θ
√

sin θ

r2

∂

∂θ

(
g√
sin θ

)
→

cot
(
(k + 1

2)∆θ
)√

sin
(
(k + 1

2)∆θ
)

2 ∆θ
[(
j + 1

2

)
∆r
]2

×


 gj,k+1√

sin
(
(k + 3

2)∆θ
) −

gj,k−1√
sin
(
(k − 1

2)∆θ
)


 (2.3.31b)

√
sin θ

r2

∂2

∂θ2

(
g√
sin θ

)
→

√
sin
(
(k + 1

2)∆θ
)

[(
j + 1

2

)
∆r∆θ

]2

×


 gj,k+1√

sin
(
(k + 3

2)∆θ
) +

gj,k−1√
sin
(
(k − 1

2)∆θ
) −

2gj,k√
sin
(
(k + 1

2)∆θ
)




(2.3.31c)
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Apply the replacements to (2.3.30):

i~
∂g

∂t
= − ~2

2m

{
gj+1,k + gj−1,k − 2gj,k

(∆r)2

+
cot
(
(k + 1

2)∆θ
)√

sin
(
(k + 1

2)∆θ
)

2 ∆θ
[(
j + 1

2

)
∆r
]2


 gj,k+1√

sin
(
(k + 3

2)∆θ
) −

gj,k−1√
sin
(
(k − 1

2)∆θ
)




+

√
sin
(
(k + 1

2)∆θ
)

[(
j + 1

2

)
∆r∆θ

]2


 gj,k+1√

sin
(
(k + 3

2)∆θ
) +

gj,k−1√
sin
(
(k − 1

2)∆θ
) −

2gj,k√
sin
(
(k + 1

2)∆θ
)





+ · · ·

i~
∂g

∂t
= − ~2

2m

{
gj+1,k + gj−1,k − 2gj,k

(∆r)2

+
cot
(
(k + 1

2)∆θ
)

∆θ

2

√
sin
(
(k + 1

2)∆θ
)

[(
j + 1

2

)
∆r∆θ

]2


 gj,k+1√

sin
(
(k + 3

2)∆θ
) −

gj,k−1√
sin
(
(k − 1

2)∆θ
)




+

√
sin
(
(k + 1

2)∆θ
)

[(
j + 1

2

)
∆r∆θ

]2


 gj,k+1√

sin
(
(k + 3

2)∆θ
) +

gj,k−1√
sin
(
(k − 1

2)∆θ
) −

2gj,k√
sin
(
(k + 1

2)∆θ
)





+ · · ·

i~
∂g

∂t
= − ~2

2m

{
gj+1,k + gj−1,k − 2gj,k

(∆r)2

+

(
1 +

∆θ

2
cot([k + 1/2]∆θ)

)√
sin
(
(k + 1

2)∆θ
)

sin
(
(k + 3

2)∆θ
) 1
[(
j + 1

2

)
∆r∆θ

]2 gj,k+1

+

(
1− ∆θ

2
cot([k + 1/2]∆θ)

)√
sin
(
(k + 1

2)∆θ
)

sin
(
(k − 1

2)∆θ
) 1
[(
j + 1

2

)
∆r∆θ

]2 gj,k−1

− 2
[(
j + 1

2

)
∆r∆θ

]2 gj,k
}

+ · · · (2.3.32)

This result can be used to construct matrix operators in the r and θ directions for the kinetic

energy and the full Hamiltonian using identical methodology to the cylindrical-slice mesh.

2.3.2.3 Radial Probability Current

The probability current is defined as

J =
~

2mi
(Ψ∗∇Ψ−Ψ∇Ψ∗) (2.3.33)
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The radial vector component of this is

J (r) =
~

2mi

(
Ψ∗

∂Ψ

∂r
−Ψ

∂Ψ∗

∂r

)
(2.3.34)

Apply the finite difference scheme to J (r):

J (r) =
~

2mi

(
Ψ∗

∂Ψ

∂r
−Ψ

∂Ψ∗

∂r

)

J (r) =
~

2mi

1√
2πr2 sin θ

(
g∗
∂

∂r

(
g√

2πr2 sin θ

)
− g ∂

∂r

(
g∗√

2πr2 sin θ

))

J (r) =
~

2mi

1

2πr sin θ

(
g∗
∂

∂r

(g
r

)
− g ∂

∂r

(
g∗

r

))

J
(r)
jk =

~
2mi

1

2π
(
j + 1

2

)
∆r sin

((
k + 1

2

)
∆θ
)
(
g∗
∂

∂r

(g
r

)
− g ∂

∂r

(
g∗

r

))
(2.3.35)

2.3.3 Spherical Harmonic Mesh

The advantages offered by switching to the spherical slice coordinate system indicate that it should

be possible to choose an even better coordinate system, that uses more symmetries of the problem

at hand. In fact, such a coordinate system does exist, but not in physical space. Instead, one of

the coordinates on the mesh will be the angular momentum of the wavefunction. Since we know

that the angular momentum is already quantized, this description of the wavefunction will have

major accuracy improvements over other methods, since we won’t be trying to model the spherical

harmonics in a discretized physical space when they already have a perfectly good discretized

description.

This motivates us to perform a partial-wave expansion of the wavefunction:

|Ψ(r, t)〉 =

∞∑

`=0

Ψ`(r, t) |`〉 ≈
`max∑

`=0

Ψ`(r, t) |`〉 (2.3.36)

where |`〉 ≡ |`,m = 0〉, a state of definite orbital (`) and azimuthal (m) angular momentum. We

will also discretize the wavefunction over radial points given by

rj =

(
j +

1

2

)
∆r j = 0, 1, · · · , Nr − 1 (2.3.37)
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where Nr is the number of radial points. Then a full discretization of the wavefunction is

|Ψ(r, t)〉 ≈
`max∑

`=0

N−1∑

j=0

Ψj
`(t) |`〉

|Ψ(r, t)〉 ≈
`max∑

`=0

N−1∑

j=0

gj` (t)

rj
|`〉 (2.3.38)

As usual, we store the “expansion coefficients” as a mesh of g values, gj` .

So, why is this strange mesh going to lead to an improvement? Both previous methods used

the same basic model of evolution equation: a Crank-Nicholson split-operator method based on

a time-evolution operator generated by discretizing the Hamiltonian H. One problem with this

method as presented so far is that it does not properly account for the boundary conditions of

the problem (in fact, they don’t account for them at all except for avoiding edge-wrapping and

ensuring the exterior boundary is zero). This causes the derivatives near the boundaries to not

be particularly accurate. Interestingly, this problem is actually worse for the spherical-expansion

meshes than the cylindrical-expansion mesh because there are more mesh points near the r = 0

boundary, the only boundary region where the wavefunction is consistently large. We are also not

yet taking advantage of the structure of the interaction term in the spherical harmonic expansion

basis. We will fix these problems in the next two sections.

2.3.3.1 Lagrangian Evolution Equations

Currently, the mesh uses the Dirichlet boundary condition g = 0 on all mesh boundaries and

nothing else. However, we also have the Neumann boundary condition ∂rΨ = 0 at r = 0, which

has not been accounted for anywhere in the previous mesh derivations. This is the source of the

problems with accurately evaluating the derivative near the r = 0 boundary. To include it, we need

to take a step back and find a different differential equation to solve for the time evolution of Ψ

(or, rather, g). To do so, consider the Lagrangian density operator L̂ for the electron wavefunction
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Ψ(r, t) [80, 81]2. The expectation value of L̂ is the Lagrangian L:

L = 〈Ψ|L̂|Ψ〉 ,

L = 〈Ψ|i~ ∂

∂t
− T̂r − V̂ − ĤLI |Ψ〉 (2.3.39)

where T̂r is the radial kinetic energy operator −(~2/2µ) ∂rr, V̂ is the operator for the static atomic

electric potential plus the centrifugal effective potential `(`+ 1) ~2/µr2, and ĤLI is the interaction

Hamiltonian for the external electric field. In the following calculation we will take the electric field

to be spatially uniform and polarized along the ẑ direction. There are many other valid Lagrangian

densities for this problem, but this form is convenient to perform the necessary calculations with.

The action S is the integral of the Lagrangian over a path through time:

S =

∫ t2

t1

dtL

=

∫ t2

t1

dt 〈Ψ|i~ ∂

∂t
− T̂r − V̂ − ĤLI |Ψ〉

=

∫ t2

t1

dt

∫

x
d3x Ψ∗

(
i~

∂

∂t
− T̂r − V̂ − ĤLI

)
Ψ

S =

∫ t2

t1

dt

∫

x
d3x Ψ∗

[(
i~

∂

∂t
− T̂r − V̂ − ĤLI

)
Ψ

]
(2.3.40)

The principle of stationary action tells us that if Ψ and Ψ∗ are the actual trajectory of the wave-

function through time, the action must be extremized. Therefore, we must have ∂S
∂Ψ∗ = 0 or ∂S

∂Ψ = 0.

The first is much easier to work with because Ψ∗ is not being hit by L. That condition can only

be satisfied if the term inside the square brackets is equal to zero for any variation in Ψ∗. For a

continuous wavefunction, this leads immediately to the time-dependent Schrödinger equation:

(
i~

∂

∂t
− T̂r − V̂ − ĤLI

)
Ψ = 0

i~
∂Ψ

∂t
=
(
T̂r + V̂ + ĤLI

)
Ψ

i~
∂Ψ

∂t
= ĤΨ (2.3.41)

2The first of those references contains numerous typos. It is best to cross-reference the two and check the
calculation yourself to reconcile any differences, which is what we have done for this section.
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We will instead discretize L before varying Ψ∗, using the spherical harmonic decomposition from

(2.3.38). This will provide a discretized differential equation for Ψ. Note that in order to make the

inner products look nice we will actually transform to g = rΨ, g∗ = rΨ∗ during the calculation.

Varying g∗ is equivalent to varying Ψ∗.

L = 〈Ψ|i~ ∂

∂t
− T̂r − V̂ − ĤLI |Ψ〉

L = 〈Ψ|i~ ∂

∂t
|Ψ〉+ 〈Ψ|−T̂r|Ψ〉+ 〈Ψ|−V̂ |Ψ〉+ 〈Ψ|−ĤLI |Ψ〉 (2.3.42)

We will tackle each term individually. The first term is the one involving the time derivative:

〈Ψ|i~ ∂

∂t
|Ψ〉 = i~

∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗

∂Ψ

∂t

= i~
∫ ∞

0
r2 dr

∫

Ω
dΩ

∑

`

∑

`′
Ψ∗` 〈`|

∂Ψ`′

∂t

∣∣`′
〉

= i~
∫ ∞

0
r2 dr

∑

`

∑

`′
Ψ∗` 〈`|

∂Ψ`′

∂t

∣∣`′
〉

= i~
∑

`

∫ ∞

0
r2 drΨ∗`

∂Ψ`

∂t

= i~
∑

`

∫ ∞

0
dr g∗`

∂g`
∂t

〈Ψ|i~ ∂

∂t
|Ψ〉 ≈ i~∆r

∑

`, j

(
gj`

)∗∂gj`
∂t

(2.3.43)

The potential energy term is also very straightforward (remember that V (r) include the effective

potential):

〈Ψ|−V̂ |Ψ〉 = −
∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗ V̂ Ψ

= −
∫ ∞

0
r2 dr

∫

Ω

∑

`

∑

`′
dΩ Ψ∗` 〈`| V̂

∣∣`′
〉

Ψ`′

= −
∑

`

∫ ∞

0
r2 dr Ψ∗` V̂` Ψ`

≈ −∆r
∑

`, j

r2
j

(
Ψj
`

)∗
V j
` Ψj

`

〈Ψ|−V̂ |Ψ〉 ≈ −∆r
∑

`, j

(
gj`

)∗
V j
` g

j
` (2.3.44)
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The kinetic energy term requires some rearranging:

〈Ψ|−T̂r|Ψ〉 = −
∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗ T̂r Ψ

= −
∫ ∞

0
r2 dr

∑

`

∑

`′

∫

Ω
dΩ Ψ∗` 〈`| −

~2

2m
∇2
r Ψ`′

∣∣`′
〉

=
~2

2m

∫ ∞

0
r2 dr

∑

`

Ψ∗`
1

r2

∂

∂r

(
r2 ∂Ψ`

∂r

)

=
~2

2m

∫ ∞

0
dr
∑

`

Ψ∗`
∂

∂r

(
r2 ∂Ψ`

∂r

)

〈Ψ|−T̂r|Ψ〉 =
~2

2m

∑

`

{[
r2 Ψ∗`

∂Ψ`

∂r

∣∣∣∣
∞

0

−
∫ ∞

0
dr r2 ∂Ψ∗`

∂r

∂Ψ`

∂r

}
(2.3.45)

The first term under the sum (the boundary term from the integration by parts) is zero because

lim
r→0

rΨl = 0 by assumption. We have now applied the Neumann boundary condition. We are left

with the second term, which can be discretized as

〈Ψ|−T̂r|Ψ〉 = − ~2

2m

∑

`

∫ ∞

0
dr r2 ∂Ψ∗`

∂r

∂Ψ`

∂r

= − ~2

2m

∑

`

∫ ∞

0
dr r2

∣∣∣∣
∂Ψ`

∂r

∣∣∣∣
2

〈Ψ|−T̂r|Ψ〉 ≈ −
~2

2m
∆r

∑

`, j

r2
j+ 1

2

∣∣∣∣∣
Ψj+1
` −Ψj

`

∆r

∣∣∣∣∣

2

(2.3.46)

Note that we did not transform from Ψ` to g` yet. This is because the discretization scheme in the

last line is taken at the midpoint of each grid interval, so in going from the third to fourth line r

does not actually match the position of either Ψj+1
` or Ψj

` . We aren’t quite done with this term:

it looks nice in the form above, but we will have to rearrange it even more to fit into the final

combined `, j sum. In particular, let’s remove the absolute value and make
(
gj`

)∗
the prefactor
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common to each term in the sum:

〈Ψ|−T̂r|Ψ〉 = − ~2

2m(∆r)2 ∆r
∑

`, j

r2
j+ 1

2

[(
Ψj+1
`

)∗
−
(

Ψj
`

)∗][
Ψj+1
` −Ψj

`

]

〈Ψ|−T̂r|Ψ〉 = − ~2

2m(∆r)2 ∆r
∑

`, j

r2
j+ 1

2

[(
Ψj+1
`

)∗
Ψj+1
` −

(
Ψj+1
`

)∗
Ψj
` −

(
Ψj
`

)∗
Ψj+1
` +

(
Ψj
`

)∗
Ψj
`

]

(2.3.47)

The last two terms in the square brackets will be kept in this term in the sum. However, we push

the two
(

Ψj+1
`

)∗
terms into the next term in the overall sum, and bring the j + 1 terms from the

previous term in the overall sum to this term:

〈Ψ|−T̂r|Ψ〉 = − ~2

2m∆r

∑

`, j

{
r2
j+ 1

2

[
−
(

Ψj
`

)∗
Ψj+1
` +

(
Ψj
`

)∗
Ψj
`

]
+ r2

j− 1
2

[(
Ψj
`

)∗
Ψj
` −

(
Ψj
`

)∗
Ψj−1
`

]}

=
~2

2m∆r

∑

`, j

(
Ψj
`

)∗ {
r2
j+ 1

2

[
Ψj+1
` −Ψj

`

]
− r2

j− 1
2

[
Ψj
` −Ψj−1

`

]}

=
~2

2m∆r

∑

`, j

(
Ψj
`

)∗
r2
j




r2
j+ 1

2

r2
j

[
Ψj+1
` −Ψj

`

]
−
r2
j− 1

2

r2
j

[
Ψj
` −Ψj−1

`

]




〈Ψ|−T̂r|Ψ〉 =
~2

2m∆r

∑

`, j

(
Ψj
`

)∗
r2
j



r2
j+ 1

2

r2
j

Ψj+1
` −

r2
j+ 1

2

+ r2
j− 1

2

r2
j

Ψj
` +

r2
j− 1

2

r2
j

Ψj−1
`


 (2.3.48)

We are finally in a position to transform Ψ` to g`:

〈Ψ|−T̂r|Ψ〉 =
~2

2m(∆r)2 ∆r
∑

`, j

(
gj`

)∗

rj

r2
j+ 1

2

r2
j

gj+1
`

rj+1
−
r2
j+ 1

2

+ r2
j− 1

2

r2
j

gj` + rj

r2
j− 1

2

r2
j

gj−1
`

rj−1




=
~2

2m(∆r)2 ∆r
∑

`, j

(
gj`

)∗


r2
j+ 1

2

rj rj+1
gj+1
` −

r2
j+ 1

2

+ r2
j− 1

2

r2
j

gj` +
r2
j− 1

2

rj rj−1
gj−1
`




〈Ψ|−T̂r|Ψ〉 =
~2

2m(∆r)2 ∆r
∑

`, j

(
gj`

)∗ [
αj g

j+1
` − 2βj g

j
` + αj−1 g

j−1
`

]
(2.3.49)

where

αj =
(j + 1)2

(
j + 1

2

)(
j + 3

2

) =
j2 + 2j + 1

j2 + 2j + 3
4

; βj =
1

2

(j + 1)2 − j2

(
j + 1

2

)2 =
2j2 + 2j + 1

2j2 + 2j + 1
2

(2.3.50)
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We also make a small correction to β0 for the ` = 0 manifold, as suggested in [81]:

β0 → β0 + Z
∆r

8 a0

(
1 + Z

∆r

a0

)
. (2.3.51)

This helps get the energies of the low-n, ` = 0 states more accurately.

The last term deals with the interaction with the electric field, 〈Ψ|−ĤLI |Ψ〉:

〈Ψ|−ĤLI |Ψ〉 = −
∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗ ĤLI Ψ (2.3.52)

In the length gauge, the interaction is given by ĤLI = q E(t) z = q E(t) r cos θ:

〈Ψ|−ĤLI |Ψ〉 = −
∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗ ĤLI Ψ

= −
∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗ q E(t) r cos θΨ

= −q E(t)

∫ ∞

0
r2 dr

∑

`

∑

`′

∫

Ω
dΩ Ψ∗` 〈`| r cos θΨ`′

∣∣`′
〉

= −q E(t)

∫ ∞

0
r3 dr

∑

`

∑

`′

∫

Ω
dΩ Ψ∗`

[
c`′
〈
`
∣∣`′ + 1

〉
Ψ`′ + c`′−1

〈
`
∣∣`′ − 1

〉
Ψ`′
]

= −q E(t)

∫ ∞

0
r3 dr

∑

`

Ψ∗` [c`−1Ψ`−1 + c`Ψ`+1]

〈Ψ|−ĤLI |Ψ〉 ≈ −q E(t) ∆r
∑

`, j

rj g
∗
`

[
c`−1 g

j
`−1 + c` g

j
`+1

]
(2.3.53)

where

c` =
`+ 1√

(2`+ 1)(2`+ 3)
c−1 = 0 (2.3.54)

is a 3j coefficient. This operator is bi-diagonal (zero along the diagonal, nonzero along the first

super and sub-diagonals) when acting on a mesh flattened over the ` index, since the interaction

term couples spherical harmonics with angular momentums that differ by one (because the photon

carries ` = 1 itself, this is guaranteed by conservation laws).
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Combining all of the terms, we have

L = 〈Ψ|i~ ∂

∂t
|Ψ〉+ 〈Ψ|−T̂r|Ψ〉+ 〈Ψ|−V̂ |Ψ〉+ 〈Ψ|−ĤLI |Ψ〉

L ≈ ∆r
∑

`, j

(
gj`

)∗
{
i~
∂gj`
∂t

+
~2

2m(∆r)2

[
αj g

j+1
` − 2βj g

j
` + αj−1 g

j−1
`

]
− V j

` g
j
`

−q E(t)rj

[
c`−1 g

j
`−1 + c` g

j
`+1

]}
(2.3.55)

If we allow
(
gj`

)∗
to vary, we get an Euler-Lagrange equation for each gj` :

i~
∂gj`
∂t

= − ~2

2m(∆r)2

[
αj g

j+1
` − 2βj g

j
` + αj−1 g

j−1
`

]
+ V j

` g
j
` + q E(t) rj

[
cl−1 g

j
`−1 + c` g

j
`+1

]

(2.3.56)

This Lagrangian-based evolution equation is strongly reminiscent of previous versions, but is sig-

nificantly more accurate. The key difference is that αj and βj now smoothly encode the boundary

behavior at r = 0.

2.3.3.2 Split Operator Method

Now that we have a better evolution equation we need to figure out how to use it numerically. We

can use a split-operator algorithm (see Appendix E), with

Ψ(t+ ∆t) = e−iĤ(t) ∆t/~ Ψ(t)

= e
−i
(
Ĥr+ĤL

I (t)
)

∆t/~
Ψ(t)

Ψ(t+ ∆t) ≈ e−iĤL
I (t) ∆t/2~ e−iĤr ∆t/~ e−iĤ

L
I (t) ∆t/2~ Ψ(t) (2.3.57)

where

Ĥr = − ~2

2m(∆r)2

[
αj g

j+1
` − 2βj g

j
` + αj−1 g

j−1
`

]
+ V j

` g
j
` (2.3.58a)

ĤL
I = q E(t) rj

[
c` g

j
`+1 + cl−1 g

j
`−1

]
(2.3.58b)



109

The propagation caused by the position-indexed Hamiltonian Ĥr will be done using the same

Crank-Nicholson form used previously, namely

e−iĤr ∆t/~ ≈
[
1 + iĤr

∆t

2

]−1[
1− iĤr

∆t

2

]
(2.3.59)

This operator is tridiagonal (since it contains the kinetic energy derivatives) when acting on a

mesh unwrapped over the r-index, so the tridiagonal matrix algorithm (see Appendix D) can be

used to calculate multiplication by the first term quickly. The second term is simply sparse matrix

multiplication and requires no special treatment.

The angular-momentum-indexed Hamiltonian ĤL
I could also be dealt with using the Crank-

Nicholson form, but there’s a more accurate way. In particular, note that the matrix form of ĤL
I
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can be constructed from the sum of two block-diagonal matrices:

ĤL
I =




0 a0

a0 0 a1

a1 0 a2

a2 0 a3

a3 0 a4

a4 0
. . .

. . .
. . .




−i ĤL
I = −i








0 a0

a0 0 0

0 0 a2

a2 0 0

0 0 a4

a4 0
. . .

. . .
. . .




+




0 0

0 0 a1

a1 0 0

0 0 a3

a3 0 0

0 0
. . .

. . .
. . .








(2.3.60)

where a` = q E(t) c` rj ∆t/2~ (note the implicit j-index dependence, which must be accounted for

when actually constructing the matrix). Call the first matrix Ĥe (even) and the second Ĥo (odd).

Each of these block-diagonal matrices can be exponentiated efficiently using

exp




−i




0 a

a 0








=




cos a −i sin a

−i sin a cos a


 (2.3.61)

Neglecting the extra terms in the Baker-Campbell-Hausdorff formula for expanding an exponen-

tiated operator (which will contribute to the error), we have a final evolution propagator given



111

by

Ψ(t+ ∆t) ≈ e−iĤe e−iĤo

[
1 + iĤr

∆t

2

]−1[
1− iĤr

∆t

2

]
e−iĤo e−iĤe Ψ(t) (2.3.62)

This evolution algorithm does require more steps to evaluate than the evolution methods for the

previous methods do, but it more than makes up for it in stability and accuracy. It is the one

that we chose to use in practice for all of our TDSE simulations. The other contender was the

velocity-gauge version of this method. We discuss that method in detail, as well as why we chose

not to use it, in Appendix F.

2.3.3.3 Radial Probability Current

The radial probability current Jr is defined as

Jr =
~

2mi

(
Ψ∗

∂Ψ

∂r
−Ψ

∂Ψ∗
∂r

)

Jr =
~
m

Im

{
Ψ∗

∂Ψ

∂r

}
(2.3.63)

Our goal is to find a discrete matrix operator so that we can calculate this value efficiently on the

mesh. We transform to gθr and use a centered difference on the derivative, yielding

(Jr)
θ
j =

~
m

Im





(
gθj

)∗

rj

[
gθj+1

rj+1
−
gθj−1

rj−1

]
/(2 ∆r)





(Jr)
θ
j =

~
2m∆r3

Im





(
gθj

)∗

j + 1
2

[
gθj+1

j + 3
2

−
gθj−1

j − 1
2

]
 (2.3.64)
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We can write this operation as a matrix operator:

(Jr)
θ
j =

~
2m∆r3

Im





(
gθj

)∗




0 γ1 0 0
. . .

−γ1 0 γ2 0
. . .

0 −γ2 0 γ3
. . .

0 0 −γ3 0
. . .

. . .
. . .

. . .
. . .

. . .




gθj





(2.3.65)

where the gθj is flattened along j and γj = 1/
(
j2 − 1/4

)
. A typical use case is to sum over θ to find

the total probability flux at each radius.

2.3.3.4 Plane Wave Overlaps

It’s fairly easy to represent plane waves on and therefore perform overlaps with spherical plane

waves on previous mesh types because both mesh coordinates were physical, making it simple

to evaluate the dot product k · r. To do the same with the spherical harmonic mesh we need

to represent the plane waves in the spherical harmonic basis. This can be accomplished via the

spherical harmonic addition formula, which tells us that

φk(r) =
exp(ik · r)

(2π)3/2

φk(r) =

√
2

π

∞∑

`=0

∑̀

m=−`
i` j`(kr)

(
Y m
` (k̂)

)∗
Y m
` (r̂) (2.3.66)

where j` is a spherical Bessel function and Y m
` (â) means “evaluate Y m

` at (θ, φ) in the direction of

â”.

We can use this to determine the overlap between a plane wave and a generic state Ψ(r, θ, φ).

Due to the number of terms to keep track of it is convenient to build up the inner product in stages.

First, let’s just look at the product of the two wavefunctions, which is what we’ll need to integrate
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over all space to get the inner product:

Ψ(r, t) =
∞∑

`=0

∑̀

m=−`
ψ`,m(r, t)Y m

` (r̂)

φ∗k(r) Ψ(r, t) =

(√
2

π

∞∑

`′=0

`′∑

m′=−`′
i`
′
j`′(kr)

(
Y m
` (k̂)

)∗
Y m′
`′ (r̂)

)∗( ∞∑

`=0

∑̀

m=−`
ψ`,m(r, t)Y m

` (r̂)

)

φ∗k(r) Ψ(r, t) =

√
2

π

∞∑

`′=0

∞∑

`=0

`′∑

m′=−`′

∑̀

m=−`
(−i)`′ j`′(kr)ψ`,m(r, t)Y m′

`′ (k̂)
(
Y m′
`′ (r̂)

)∗
Y m
` (r̂) (2.3.67)

Integrating over angles will collapse the pairs of ` and m sums into single sums because of the

orthogonality between the last two terms on the right, which are the only terms that the integral

will actually hit:

∫

Ω
φ∗k(r) Ψ(r, t) dΩ =

√
2

π

∞∑

`′=0

∞∑

`=0

`′∑

m′=−`′

∑̀

m=−`
(−i)`′ j`′(kr)ψ`,m(r, t)Y m′

`′ (k̂)

×
∫

Ω

(
Y m′
`′ (r̂)

)∗
Y m
` (r̂) dΩ

∫

Ω
φ∗k(r) Ψ(r, t) dΩ =

√
2

π

∞∑

`=0

∑̀

m=−`
(−i)` j`(kr)ψ`,m(r, t)Y m

` (k̂) (2.3.68)

Now we perform the radial integration:

∫ ∞

0

∫

Ω
φ∗k(r) Ψ(r, t) r2 dr dΩ =

√
2

π

∞∑

`=0

∑̀

m=−`
(−i)` Y m

` (k̂)

∫ ∞

0
j`(kr)ψ`,m(r, t) r2 dr

〈φk|Ψ(t)〉 =

√
2

π

∞∑

`=0

∑̀

m=−`
(−i)` Y m

` (k̂)

∫ ∞

0
[r j`(kr)] g`,m(r, t) dr (2.3.69)

where g`,m = r ψ`,m. The combination r j` can be identified as the same kind of transformation,

although there’s no particular symbol for it. If we assume that Ψ(t) has no m components, the

inner product can be simplified further:

〈φk|Ψ(t)〉 =

√
2

π

∞∑

`=0

(−i)` Y 0
` (k̂)

∫ ∞

0
[r j`(kr)] g`(r, t) dr . (2.3.70)
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Finally, discretize the integral:

〈φk|Ψ(t)〉 ≈
√

2

π
∆r

`max∑

`=0

Nr−1∑

j=0

(−i)` Y 0
` (k̂) [rj j`(krj)] g

j
` (t) (2.3.71)

If performing a large number of these overlaps it is highly recommended to memoize the results of

j`(krj) and Y 0
` (k̂). Note that since the plane waves are a complete basis by themselves, the inner

product calculated above includes the contributions of any part of the wavefunction that is in a

bound state. To get only the free-state overlap, the bound states must be removed from g by the

simple substitution

g(t)→ g(t)−
∑

n,`

gn,` 〈gn,`|g(t)〉 (2.3.72)

Unfortunately, the overlaps above have a serious drawback: although they correctly characterize

the current state of the system, they do not necessarily characterize the state of the system at the

detector. Since the Coulomb interaction has infinite range the plane waves are not momentum

eigenstates and their wavenumber at any given time is not the wavenumber they will arrive at the

detector with. To get around this we must first overlap the wavefunction with Coulomb states,

which are the positive-energy (i.e., unbound) eigenstates of the Coulomb potential. As r → ∞

(i.e., at the detector) the Coulomb states go over to plane waves with a Coulomb phase shift δ`(k),

so the correct transition amplitude to a plane wave with wavenumber k and angle relative to the

electric field polarization vector θ is [82]

〈φk|Ψ(t)〉 =
1√
4πk

∑

`

eiδ`(k)
√

2`+ 1P`(cos θ) 〈gk,`|g(t)〉 (2.3.73)

2.3.4 Numerical Eigenbasis

An important consideration when treating the problem using linear algebra is that the matrix

operators have certain eigenvectors and eigenvalues on the flattened mesh. These eigenvectors

(“numerical eigenstates”), not the analytic eigenstate wavefunctions evaluated on the mesh, are

the true basis for the system. There are several methods for finding these numerical eigenstates,

which will be discussed later in this section.
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Before diving in to the methods, we should consider the implications of these numerical eigen-

states. For example, one concerning thought is that the analytic hydrogen Hamiltonian’s spectrum

has a discrete but infinite set of bound states as well as an infinite continuum of unbound states. The

discrete hydrogen Hamiltonian’s spectrum is discrete and finite: it has exactly as many eigenstates

as the total number of mesh points. Since that number is generally very large (several million), it

is not practical to find all of the numerical eigenstates for a given mesh and static potential.

For bound states, a rough cutoff criteria is that the grid only has a numerical eigenstate of

energy En if the corresponding wavefunction’s nodes are all inside the mesh. As n grows ψn,`,m has

nodes further and further from r = 0, and if these nodes (or their nearby anti-nodes) appear too

close or beyond the mesh boundary the mesh wouldn’t be able to give them a sensible eigenenergy.

Occasionally a high-n bound state will happen to have a node near the mesh boundary. In this

case a numerical eigenstate with similar shape and energy can appear on the mesh.

Some of these numerical eigenenergies may be degenerate, although in practice it is exceedingly

rare. For example, on a 100 a0 mesh with 0.25 a0 spacing, the numerical eigenstates for |ψ2,0,0〉 and

|ψ2,1,0〉 have eigenenergies of−3.4000 eV and−3.3995 eV respectively, while the analytic eigenenergy

for both is roughly −3.4014 eV.

2.3.4.1 Imaginary Time Evolution

Imaginary time evolution is a simple way to find the ground state eigenvector. We begin the system

in some arbitrary initial guess state (ideally close to the ground state, perhaps by using the analytic

ground state evaluated on the mesh). By evolving the system in imaginary time t = −iτ , we convert

the normal evolution operator e−iĤt/~ to

e−iĤt/~ = e−iĤ(−iτ)/~

= e−Ĥτ/~ (2.3.74)

This forces an exponential decay or growth (depending on the sign of the eigenvalues of Ĥ) on

the system for each numerical eigenstate separately. The numerical eigenstate with the most

negative eigenvalue (i.e., the numerical ground state) will grow the fastest, so after a few time

steps you simply normalize the wavefunction and call that the numerical ground state. After
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finding the ground state you can then generate the other numerical eigenstates via Gram-Schmidt

orthogonalization or diagonalization of the state overlap matrix [83].

2.3.4.2 Inverse Power Method

A more flexible method of finding numerical eigenstates is to begin with an arbitrary initial guess

state and repeatedly apply the matrix (H − EI)−1 to it. The result will converge to the numerical

eigenstate with the closest eigenvalue to E [83]. This is the “inverse” of the normal power method,

which finds the eigenvector with largest eigenvalue of a matrix A by repeatedly multiplying a test

vector v by A. That is,

vλmax = lim
n→∞

Anu

vλmax ≈ Anu n� 1. (2.3.75)

To see how the inverse power method works, note that the eigenvectors of A and (A− µI)−1

are the same (for arbitrary constant µ), since

Avλi = λivλi

(A− µI)vλi = (λi − µ)vλi

(λi − µ)−1vλi = (A− µI)−1vλi (2.3.76)

Therefore, if we call (A− µI)−1 = B, Bnu will converge to the vλi with the largest
∣∣∣(λi − µ)−1

∣∣∣.

The largest of those is the one where λi − µ is closest to zero, which is the λi closest to µ.

Unfortunately it’s not immediately obvious how to do this efficiently in higher than 1D for our

discretized Hamiltonians. In 1D the discrete Hamiltonian is typically tri-diagonal and the result of

multiplying by its inverse can be computed efficiently. In 2D the discrete Hamiltonian has non-zero

elements along extra diagonals far from the main diagonal, and the problem would be even worse in

higher dimensions. Even with sparse matrix techniques these inverses would be hard to calculate,

because the inverse of a sparse matrix is not necessarily sparse. Worse, even if we did all of this, it

would be very difficult to distinguish between numeric eigenvectors with degenerate eigenvalues.

However, for the spherical harmonic mesh (see 2.3.3), we get lucky. The field-free radial Hamil-



117

tonian is block-diagonal in the ` coordinate, so we can break the full-mesh Hamiltonian into tridi-

agonal blocks for each spherical harmonic. The field-free angular Hamiltonian is zero, so we don’t

have to include it in the calculations. The inverse power method can be used on each subspace

individually to generate numerical eigenvectors for that spherical harmonic. This is significantly

more efficient than using the full-mesh Hamiltonian because the matrix is smaller by a factor of

`max in both dimensions. As an added benefit, we don’t see any mixing between eigenstates with

eigenenergies degenerate over their ` quantum number, because they belong to different subspaces.

You might be thinking: if we know how to find a single eigenstate and eigenvalue with this

method, why don’t we just scan through possible eigenvalues and solve the entire eigensystem?

You’re absolutely right, and someone did it already: the Lanczos algorithm is an iterative procedure

for finding a given number of numeric eigenvectors and eigenvalues of a matrix [84]. We use the

Lanczos algorithm in our simulations to find a suitable basis and initial state. We have also

implemented the first step of imaginary time evolution, so we can find the numeric ground state

via that method, but not perform the subsequence orthogonalization procedure that would yield

more eigenvectors.

2.4 Ionization of Hydrogen by Intense Sub-Cycle Pulses

Now that we’ve laid the foundations, we can discuss the details and results of our recent inves-

tigations. To review: the physical system we are interested in is a hydrogen atom interacting

with a sub-femtosecond, sub-cycle, linearly-polarized laser pulse. We have the tools to numerically

simulate the effects of this laser pulse.

Using these tools, we looked at a wide variety of possibly-interesting questions, but ended up

finding interesting (and counterintuitive) behavior in the ionization probability when the pulse

width is close to the classical orbit time. Surprisingly, we find that pulses with sine-like shapes can

have greater ionization probabilities than cosine-like pulses that have the same power spectrum.

This result is the opposite of what is expected from an intuitive tunneling-like model, which would

predict that the pulses with the largest electric field amplitudes would ionize more than pulses with

smaller amplitudes. It also known that the carrier-envelope phase has a negligible effect on the

final ionization probability for many-cycle pulses [85], so this effect must only occur when the pulse
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contains very few cycles.

To develop this idea, we represent the electric field in carrier-envelope form (see 2.1.4) with an

additional window function,

E(t) = Wτ (t)[E0 Fτ (t) cos(ωc t+ ϕ) + Ec] (2.4.1)

where E0 is an amplitude prefactor, τ is the pulse width, Fτ is an envelope function, Wτ is a window

function, ωc is the carrier frequency, ϕ is the carrier-envelope phase (CEP), Ec is the DC correction

field amplitude.

The CEP ϕ is what determines the shape of the pulse. We describe ϕ = 0 pulses as “cosine-

like” and ϕ = π/2 pulses as “sine-like” based on their behaviors near t = 0, which are similar to

envelope-less cosine or sine waves, respectively. For the same power spectrum (and therefore the

same fluence) a cosine-like pulse has a peak electric field approximately
√

2 times larger than the

sine-like pulse.

We choose to use a sinc-shaped envelope, sinc(x) ≡ sin(x)/x, because its Fourier transform

has constant power over its bandwidth, like an ideal supercontinuum source. Specifically, we use

Fτ (t) = sinc(π t/τ). This envelope has zeros at t = n τ , n = ±1,±2, · · · , and τ is the inverse

of the cyclic frequency bandwidth of the pulse. We set a small fixed minimum frequency for the

spectrum so that the pulse shape is nearly constant as we change τ . For the pulses discussed here,

ωmin = 2π × 30 THz (a wavelength of λ ≈ 10µm), so that ωc = ωmin + π/τ . For more details on

sinc pulses, see Section 2.1.4.1.

The window function cuts the electric field off with a logistic rise/decay:

Wτ (t) =
1

1 + exp(−(t+ tw)/td)
− 1

1 + exp(−(t− tw)/td)
(2.4.2)

Typical parameters are tw = 30 τ and td = τ/5. The window decreases the numeric fluence of the

pulses compared to the analytic value by at most a few tenths of a percent. It also introduces Gibbs

ringing at the edges of the spectrum.

To correct for the introduction of a zero-frequency electric field component that is caused by

windowing when ϕ 6= π/2, we add a small constant electric field Ec that shares the same window
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function as the pulse, with an amplitude numerically chosen so that
∫ tf
ti
dt E(t) = 0. This correction

also causes small changes in the low-frequency components of the electric field. Combined, these

effects cause perturbations in the ionization probability (compared to a simulation with infinite time

bounds and no window) on the level of ∼ 0.5% (verified by simulations with longer time bounds and

without DC correction, or with fluence correction), which, as we will see, is insignificant compared

to the large variations caused by changing the CEP. See Section 2.1.5 for more details on how we

do these corrections.

2.4.1 Numerical TDSE Results

Pulse width scans showing the initial state overlap after interacting with a laser pulse for various

fluences and CEPs are shown in Fig. 2.5.

0 100 200 300 400 500 600 700 800
τ (as)

1

0.7

0.5

0.3

0.2

0.1

0.05

|〈ψ
0
|Ψ

(t
f
)〉
|2

H = 0.1 J/cm2

H = 0.5 J/cm2

H = 1.0 J/cm2

ϕ = 0

ϕ = π/4

ϕ = π/2

Figure 2.5: The population remaining in the initial 1s state of hydrogen after interacting with
a laser pulse as the pulse width τ is varied for three different carrier-envelope phases ϕ. As the
pulse width becomes comparable to the classical orbital period of the initial hydrogen ground state
(Tcl ≈ 150 as) the sine-like pulse (ϕ = π/2) ionizes much more than the cosine-like pulse (ϕ = 0),
even though its peak electric field amplitude is lower by a factor of approximately

√
2.

Note that because we keep the pulse’s fluences fixed their bandwidths become very broad
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(hundreds of eV) and their electric fields become very large (tens of atomic electric fields) at

short pulse widths. We expect our simulations to be less accurate in this regime since we neglect

relativistic effects and spatial variation of the electric field. As a conservative limit, we cut the

curves and heatmap off when the peak electric field of the cosine-like pulse reaches three atomic

electric fields. Also note the large perturbations to the otherwise-smooth curves near τ ≈ 400 as.

This seems to be caused by the first inclusion of 10.4 eV photons to the pulse’s spectrum, which

allow single-photon transitions from the 1s ground state to the excited bound state 2p. Unlike the

rest of the scan, the simulations near this pulse width are quite sensitive to the perturbations of the

pulse spectrum caused by windowing. We do not attempt to describe the behavior near τ ≈ 400 as

in the following discussion.

We are primarily concerned with the strong CEP-dependence of the ionization probability at

short pulse widths, comparable to the classical orbit time of the hydrogen ground state (Tcl ≈

150 as). That such a dependence exists is not inherently surprising. For example, at longer pulse

widths (τ ≈ 1 fs), cosine-like pulses ionize more than sine-like pulses. This is what we should

expect from electric field amplitudes below the barrier-suppression regime: the dominant ioniza-

tion mechanism is tunneling, and therefore the dominant dependence of the ionization is on the

maximum electric field amplitude [72]. Since the maximum electric field amplitude is larger for a

cosine-like pulse than a sine-like pulse, the cosine-like pulse ionizes more. However, at pulse widths

comparable to the classical orbit time, we see exactly the opposite behavior over a continuous

range of pulse widths and fluences: sine-like pulses consistently ionize more than cosine-like pulses.

Our intuition about how instantaneous field amplitude relates to final ionization probability is not

correct when the pulse is extremely short and has very high amplitude (large enough to be in the

barrier-suppression regime instead of the tunneling regime).

2.4.2 A Simple Model

To investigate why the CEP-dependence at short pulse widths develops, and in particular why

the sine-like pulses ionize more than the cosine-like pulses do, despite having lower amplitudes,

we developed a simple description of the nonlinear strong-field interaction at these timescales. In

this section we will briefly describe the derivation and show how the resulting model produces

qualitatively similar result to the full TDSE simulations. The next sections, 2.5 and 2.6, will cover
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the full details of the derivation and possible paths to take in the future, respectively.

Consider a system with a single bound state produced by a field-free Hamiltonian Ĥ0 that

interacts with a linearly-polarized external electric field E(t), calculated in the length gauge, ĤI =

−q E(t) ẑ. We expand the wavefunction as

|Ψ(t)〉 = cb(t) |b〉+

∫ ∞

0
dk

∑

`,|m|≤`
ck`m(t) |k`m〉 (2.4.3)

where |b〉 is the ket of the bound state, |k`m〉 is the ket of a delta-normalized (in wavenumber)

continuum state labeled by free-space wavenumber k and angular momentum quantum numbers `

and m, and cb(t) and ck`m(t) are the probability amplitudes for the bound and continuum states

respectively.

If we plug (2.4.3) into the TDSE, take the inner product with 〈b| or 〈k`m|, and make the SFA,

we get a set of coupled ordinary differential equations (written without explicit time dependences

here for compactness):

ċb =− iωb cb + i
q

~
E
∑

`,|m|≤`

∫ ∞

0
dk ck`m 〈b| ẑ |k`m〉 (2.4.4a)

ċk`m =− iωk`m ck`m + i
q

~
E cb 〈k`m| ẑ |b〉 (2.4.4b)

+ i
q

~
E
∑

`,|m|≤`

∫ ∞

0
dk′ ck′`′m′ 〈k`m| ẑ

∣∣k′`′m′
〉

where ωb = Eb/~ and ωk`m = Ek`m/~ are the angular frequencies of the bound and continuum

states respectively. The last term in (2.4.4b) is the direct continuum-continuum coupling. There

has been much discussion of ways to treat this interaction due to its importance in HHG [86–90].

In this discussion we will neglect it entirely and formally integrate the rest of (2.4.4b), yielding

ck`m(t) = −i q
~
〈k`m| ẑ |b〉

∫ t

ti

dt′ cb(t
′) E(t′) e−iωk`m(t−t′) (2.4.5)

where ti is the initial time, cb(ti) = 1, and we take the limit ti → −∞. Neglecting the continuum-

continuum interaction seems to be a reasonable approximation for the ultra-short timescales we are

considering (at least for investigating the source of the CEP-dependence reversal, as we will see).
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Plugging (2.4.5) back in to (2.4.4a) results in a single integro-differential equation:

ḃ(t) =− q2

~2
E(t)

∫ t

−∞
dt′ b(t′) E(t′)Kb(t− t′) (2.4.6)

where b(t) = cb(t) exp(iωbt), and

Kb(t− t′) =
∑

`,|m|≤`

∫ ∞

0
dk |〈k`m| ẑ |b〉|2 e−i (ωk`m−ωb) (t−t′) (2.4.7)

is the kernel function. We use this integro-differential equation (IDE) to analyze the behavior of the

hydrogen atom, keeping in mind that it only describes coherent transitions between a single bound

state and the continuum states that it can directly transition to, and that it ignores tunneling-like

effects.

2.4.3 Comparison of TDSE and IDE

To compare the IDE to the TDSE we numerically integrate the IDE with an approximate kernel.

The bound state is the analytic hydrogen ground state, but the continuum states are approximated

by wavenumber-delta-normalized spherical partial waves, φk`m(r, θ, φ) ≈
√

2/π k j`(kr)Y
m
` (θ, φ),

where k is the free-space wavenumber and j` is the spherical Bessel function with index `. The

resulting kernel, normalized by Kb(0) = a2
0 (the Bohr radius squared) is shown in Fig. 2.6.

We numerically integrate the IDE using a fixed-time-step fourth-order Runge-Kutta algorithm

(RK4) with ∆t ≈ 1 as. To check the accuracy of this method we compared it a general iterative

algorithm for solving IDEs [1, 91]. Both algorithms converged to the same results. We also

tried using an RK4 algorithm with adaptive step size, but found no particular advantages in

computational accuracy or time [92].

Pulse width scans calculated using the IDE are shown in Fig. 2.7, where they are compared to

TDSE simulation scans. The IDE ionization probabilities do not have as much structure as those

calculated using the TDSE, and don’t predict any significant ionization when the pulse amplitudes

become small as the pulse width increases at constant fluence. Nevertheless, the IDE scans display

qualitatively similar features to the short-pulse-width regime of the TDSE scans: they predict

that the ionization probability has a reversed CEP-dependence when the pulse width becomes
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Figure 2.6: The approximate kernel function Kb(t − t′) of the hydrogen ground state, calculated
using delta-normalized spherical partial waves φk`m(r, θ, φ) ≈

√
2/π k j`(k r)Y

m
` (θ, φ), where k is

the free-space wavenumber and j` is the spherical Bessel function with index `, as the continuum
states. The kernel has been normalized by Kb(0) = a2

0, the Bohr radius squared. The timescale
of the kernel is close to the classical orbit period of the ground state, Tcl ≈ 150 as (vertical black
dotted line), and the magnitude of the kernel decays roughly as an exponential with time constant
equal to the classical orbit time.

comparable to the classical orbit time. There is also somewhat-reasonable quantitative agreement

between the two models. Since the IDE is modeling the second-order interaction between the bound

state and the continuum states that it can transition to, we conclude that the primary driver of the

CEP-dependence in this regime is interference between the low-` continuum electron wavefunction

and the remaining bound state population, as described by Kb(t− t′).

An intuitive picture of what this model is saying can be seen by approximating the IDE. We

will restrict the integral in (2.4.6) to going back only by a time ∆ ≈ Tcl (on the basis that the

kernel amplitude decreases exponentially as the time difference grows). We can then approximate
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b(t′) ≈ b(t), pull it out of the integral, and write

ḃ(t) ≈− 1

~2
[q E(t)]b(t)

∫ t

t−∆
dt′
[
q E(t′)

]
Kb(t− t′)

ḃ(t) ≈− F (t) ṽ(t, t−∆) b(t) /Eh (2.4.8)

where F (t) is the electric force on the electron, Eh is the Hartree energy, and ṽ(t, t−∆) is interpreted

as the velocity of an electron in the laser field at time t after ionization at time t − ∆. This

interpretation comes from the Lewenstein model of HHG, where the electron’s action is integrated

forwards from the time of ionization to determine its dynamics [93]. The driving term can then be

thought of as a quasi-classical quantity: the power (force multiplied by velocity) that the laser field

is delivering to the electron compared to the binding energy. That power depends on the current

amplitude of the electric field and the current velocity of the electron, which itself depends on the

history of the electron’s interaction with the laser and binding potential.
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Figure 2.8: The ratio of the population remaining in the initial 1s state of hydrogen post-interaction
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2.5 Details of the IDE Model

In the previous section, we introduced the idea of a minimal IDE-based model for describing the

ionization of a hydrogen atom. In this section, we will derive that model in detail and discuss how

to numerically solve it. In the next section, we will discuss extensions of the IDE model that go

beyond our investigation into CEP-dependent ionization.

2.5.1 Minimal IDE Model

The derivation begins with an expansion often used to analyze high-harmonic generation (HHG)

using the strong field approximation (SFA) [94]. Our approach is similar to the techniques that lead

to continuum state probability amplitudes that include rescattered electrons [93], but we instead

focus on calculating the bound state population directly. In a typical ATI/HHG calculation our

goal would be to calculate the continuum state amplitudes ck`m(t) and determine the photoelectron

spectrum [94]. Instead, we will calculate the bound state amplitude cb(t) to directly determine the

ionization rate. This version of the model will be “minimal” because it only includes a single bound

state, and the continuum states will not be allowed to interact with each other directly.

Consider a central potential with a single bound state, which we label |b〉, as well a continuum

of free states which we label |φk`m〉. Then the wavefunction can be expanded as

|Ψ(t)〉 = cb(t) |b〉+

∫ ∞

−∞
dk

∞∑

`=0

∑̀

m=−`
ck`m(t) |φk`m〉 (2.5.1)

where |b〉 is the single bound state, |φk`m〉 is a delta-normalized continuum state, and cb and ck`m

are their associated probability amplitudes. We will begin at time t0 (which might be infty) with

initial conditions cb(t0) = 1 and ck`m(t0) = 0. We are interesting in calculating cb(t) for times

t > t0.

If we think of the Hamiltonian as the sum of the steady-state central potential Ĥ0 and an
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interaction Hamiltonian ĤI , we can write the Schrödinger equation as

i~
∂

∂t
|Ψ(t)〉 =

(
Ĥ0 + ĤI

)
|Ψ(t)〉

i~


ċb |b〉+

∑

`,m

∫ ∞

0
dk ċk`m |φk`m〉


 =

(
Ĥ0 + ĤI

)

cb |b〉+

∑

`,m

∫ ∞

0
dk ck`m |φk`m〉


 (2.5.2)

Multiply from the left by 〈b| to get a differential equation for cb:

i~ ċb = Eb cb +
∑

`,m

∫ ∞

0
dk ck`m 〈b|ĤI |φk`m〉 (2.5.3)

and by 〈φk`m| to get an equation for ck`m:

i~ ċk`m = Ek`m ck`m + cb 〈φk`m|ĤI |b〉+
∑

`,m

∫ ∞

0
dk ck′`′m′ 〈φk`m|ĤI |φk′`′m′〉 (2.5.4)

For the moment will neglect the last term in (2.5.4), which represents the continuum-continuum

interactions, and rearrange to get

ċk`m + i ωk`m ck`m = − i
~
cb 〈φk`m|ĤI |b〉 (2.5.5)

We will solve this differential equation by finding an integrating factor:

I = exp

(∫ t

t0

dt′ i ωk`mt
′
)

= eiωk`mte−iωk`mt0 (2.5.6)

Multiply both sides of the equation by this integrating factor and cancel the irrelevant phase factor

to get

∂

∂t

[
eiωk`mt ck`m

]
= − i

~
cb 〈φk`m|ĤI |b〉 eiωk`mt

eiωk`mt ck`m(t)− ck`m(0) = − i
~

∫ t

t0

dt′ cb(t
′) 〈φk`m|ĤI(t′)|b〉 eiωk`mt

′

ck`m(t) = − i
~

∫ t

t0

dt′ cb(t
′) 〈φk`m|ĤI(t′)|b〉 e−iωk`m(t−t′) (2.5.7)
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Plug this back into (2.5.3) to get

ċb(t) = −i ωb cb(t)−
i

~
∑

`,m

∫ ∞

0
dk

(
− i
~

∫ t

t0

dt′ cb(t
′) 〈φk`m|ĤI(t′)|b〉 e−iωk`m(t−t′)

)
〈b|ĤI(t)|φk`m〉

ċb(t) = −i ωb cb(t)−
1

~2

∑

`,m

∫ ∞

0
dk

∫ t

t0

dt′ cb(t
′) 〈φk`m|ĤI(t′)|b〉 〈b|ĤI(t)|φk`m〉 e−iωk`m(t−t′) (2.5.8)

We will now insert our interaction Hamiltonian, ĤI(t) = −q E(t) ẑ, an electric field linearly polarized

along the z-axis. This allows us to combine the two matrix elements:

ċb(t) = −i ωb cb(t)−
q2

~2

∑

`,m

∫ ∞

0
dk

∫ t

t0

dt′ cb(t
′)E(t)E(t′) 〈φk`m|ẑ|b〉 〈b|ẑ|φk`m〉 e−iωk`m(t−t′)

ċb(t) = −i ωb cb(t)−
q2

~2

∑

`,m

∫ ∞

0
dk

∫ t

t0

dt′ cb(t
′) E(t) E(t′) | 〈φk`m|ẑ|b〉|2 e−iωk`m(t−t′) (2.5.9)

We can now push the wavenumber integral through the time integral, resulting in

ċb(t) = −i ωb cb(t)−
q2

~2
E(t)

∫ t

ti

dt′ cb(t
′) E(t′)

∑

`,m

∫ ∞

0
dk | 〈φk`m|ẑ|b〉|2 e−iωk`m(t−t′) (2.5.10)

We can also remove the annoying first term by defining cb(t) = b(t) e−i ωbt, so that ċb(t) =

ḃ(t) e−i ωbt − i ωb b(t) e
−i ωbt (this is equivalent to going into the interaction picture). Then we

have

ḃ(t) e−i ωbt − i ωb b(t) e−i ωbt =− i ωb b(t) e−i ωbt

− q2

~2
E(t)

∫ t

ti

dt′ b(t′) e−i ωbt
′E(t′)

∑

`,m

∫ ∞

0
dk | 〈φk`m|ẑ|b〉|2e−iωk`m(t−t′)

ḃ(t) =− q2

~2
E(t)

∫ t

ti

dt′ b(t′) E(t′)
∑

`,m

∫ ∞

0
dk | 〈φk`m|ẑ|b〉|2 e−i(ωk`m−ωb)(t−t′)

(2.5.11)

Determining b(t) is equivalent to determining cb(t) up to a phase factor, and therefore doesn’t

matter at all when considering the probability to be in state |b〉, P(b) = |cb(t)|2 = |b(t)|2.
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We write the final form of the “minimal IDE model” as

ḃ(t) = − q
2

~2
E(t)

∫ t

ti

dt′ b(t′) E(t′)Kb(t− t′) (2.5.12)

where

Kb(t− t′) =
∑

`,m

∫ ∞

0
dk | 〈φk`m|ẑ|b〉|2 e−i(ωk`m−ωb)(t−t′) (2.5.13)

is the kernel of the IDE. We can also represent the IDE as a double-integral equation,

b(t) = b(ti)−
q2

~2

∫ t

ti

dt′ E(t′)
∫ t′

ti

dt′′ b(t′′) E(t′′)Kb(t
′ − t′′) (2.5.14)

We cannot go any farther without specifying |b〉 and |k`m〉.

2.5.2 Approximate Kernel for the Hydrogen Ground State

The simplest version of the kernel calculation (2.5.13) is to use the analytic hydrogen ground state

as the bound state and to approximate the continuum states with wavenumber-normalized spherical

Bessel waves,

φk`m(r, θ, φ) ≈
√

2

π
k j`(kr)Y

m
` (θ, φ) (2.5.15)

The matrix element is

〈φk`m|ẑ|b〉 =
∑

`,m

√
2

π
k

∫ ∞

0
dr r2 j`(kr)R10(r) r

∫

Ω
dΩY m

` cos θ Y 0
0

〈φk`m|ẑ|b〉 =
∑

`,m

√
2

π
k

∫ ∞

0
dr r3 j`(kr)R10(r)

∫

Ω
dΩY m

`

(
2

√
π

3
Y 0

1

)
Y 0

0

〈φk`m|ẑ|b〉 =
∑

`,m

√
2

π
2

√
π

3

1√
4π

k

∫ ∞

0
dr r3 j`(kr)R10(r)

∫

Ω
dΩY m

` Y 0
1

〈φk`m|ẑ|b〉 =

√
2

3π

∑

`,m

δ`,1 δm,0 k

∫ ∞

0
dr r3 j`(kr)R10(r) (2.5.16)
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The sum collapses the Kronecker deltas, and we’re left with

〈φk`m|ẑ|b〉 =

√
2

3π
k

∫ ∞

0
dr r3 j1(kr)R10(r)

〈φk`m|ẑ|b〉 =

√
2

3π

2√
a3
k

∫ ∞

0
dr r3

[
sin kr

k2r2
− cos kr

kr

]
e−r/a0

〈φk`m|ẑ|b〉 =

√
512

3π
a

7/2
0

k2

(
1 + a2

0k
2
)3 (2.5.17)

The term that enters the kernel is the square of the matrix element,

| 〈φk`m|ẑ|b〉|2 =
512

3π
a7

0

k4

(
1 + a2

0k
2
)6 (2.5.18)

The kernel is the integral of the product of this matrix element with the frequency difference term:

Kb(t− t′) =
∑

`,m

∫ ∞

0
dk | 〈φk`m|ẑ|b〉|2 e−i(ωk`m−ωb)(t−t′)

=
512

3π
a7

0 e
i ωb(t−t′)

∫ ∞

0
dk

k4

(
1 + a2

0k
2
)6 e

−i ωk(t−t′)

=
512

3π
a7

0 e
i ωb(t−t′)

∫ ∞

0
dk

k4

(
1 + a2

0k
2
)6 e

−i ~
2m

k2(t−t′)

Kb(t− t′) =
512

3π
a3

0 e
i ωb(t−t′)

∫ ∞

0
dx

x4

(1 + x2)6 e
−i τx2

(2.5.19)

where τ = ~(t− t′)/2ma2
0 is a dimensionless time ratio.

The asymptotic behavior of Kb(t− t′) is

lim
(t−t′)→0

Kb(t− t′) = a2
0 (2.5.20a)

lim
(t−t′)→∞

Kb(t− t′) = 0 (2.5.20b)

Kb(t− t′) is not defined for negative t− t′, and these times are never referenced in the IDE (this is

good: causality in action). The (t− t′)→ 0 limit is particularly important because it may need to

be hard-coded in software.

This kernel is plotted in Figure 2.6.



132

2.5.3 Numerical Solution

The IDE model derived above is an integro-differential equation of the form

db

dt
= Af(t)

∫ t

t0

dt′ b(t′) f(t′)K(t− t′) (2.5.21)

for a prefactor A, function f , kernel function K, and unknown function b(t). Such equations

are tricky to solve numerically because to accurately approximate the derivative we need to ac-

curately approximate the integral. More advanced techniques involving Laplace transforms and

series solutions seem to be the “proper” way to solve such equations [95], but we find that more

straightforward methods are easier to use and test.

We typically use a fourth-order Runge-Kutta method to find a(tn+1) from a(tn), so we would

like to use an integration method that is at least fourth-order in time as well to keep the error small.

A simple option is to use the composite Simpson’s rule. Simpson’s rule is actually fourth-order in

the time step, so we expect the overall accuracy of the scheme to be fourth-order.

An added complication is that the kernel causes the value of the entire integrand to change at

every time step. This means that we cannot compute the integral “iteratively”, i.e., using the value

of the integral at the previous time step to jump-start the calculation of the integral for the current

time step. This causes a quadratic slowdown in computation time for the n-th time step.

To help combat this slowdown we sometimes use an RK4 algorithm with an adaptive time step

as described in [92]. The algorithm monitors the local truncation error by computing each time step

in two different ways. When the local truncation errors grows too large the algorithm recomputes

the step with a smaller ∆t until the error goes back below whatever cutoff criteria is imposed. We

ultimately found that this was not terribly effective, and simply used a small fixed time step for

our simulations.

We also confirmed than an alternate solution method based on an iterative algorithm produced

the same results, but again found that it was not significantly more effective than RK4 with a fixed

time step. See G for details.
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2.6 Next Steps for the IDE Model

The results described in the previous two sections mostly focused on the essential elements needed

to derive the IDE model in the first place, and to understand its relationship to the counterintuitive

CEP-dependent ionization probabilities we discussed in Section 2.4. Those ideas were all discussed

in our paper on the subject ([73]).

In this section, we go beyond that specific application. We discuss various properties of the

IDE model itself, as well as some possible extensions and applications.

2.6.1 Carrier-Envelope Phase Symmetries of the Minimal IDE Model

We can rewrite the minimal IDE slightly more generically as an integro-differential equation of the

form

db

dt
= A E(t)

∫ t

t0

dt′ b(t′) E(t′)K(t− t′) (2.6.1)

When solving the IDE we observe three phase symmetries: |b(t→∞)|2 is the same if we

transform the carrier-envelope phase of the electric field ϕ as any of

1. ϕ→ π + ϕ

2. ϕ→ π − ϕ

3. ϕ→ −ϕ ' 2π − ϕ

The pulses that are produced by applying these transformations to a sub-cycle sinc pulse with

ϕ = π/4 are shown in Figure 2.9. The results of IDE simulations run with these pulses are shown

in Figure 2.10.

In this section, we will analytically prove that the IDE obeys these symmetries. Let’s write the

electric field in carrier-envelope form (2.1.17),

E(t) = Et F (t) cos(ωc t+ ϕ). (2.6.2)

Without loss of generality we assume the pulse is centered at t = 0 so that the envelope function
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Figure 2.9: These four pulses, produced from the base carrier-envelope phase ϕ = π/4, all produce
the same |b(t→∞)|2 under the minimal IDE model. The same would be true of any base carrier-
envelop phase; ϕ = π/4 has been chosen to make this figure intelligible.

F (t) is even (F (t) = F (−t)). If we plug this into the generic form of the IDE (2.6.1) we get

db

dt
= A Et F (t) cos(ωc t+ ϕ)

∫ t

t0

dt′ b(t′) Et F (t′) cos
(
ωc t
′ + ϕ

)
K(t− t′)

db

dt
= A E2

t F (t) cos(ωc t+ ϕ)

∫ t

t0

dt′ b(t′)F (t′) cos
(
ωc t
′ + ϕ

)
K(t− t′)

db

dt
= A E2

t

∫ t

t0

dt′ (t′)F (t)F (t′) cos(ωct+ ϕ) cos
(
ωc t
′ + ϕ

)
K(t− t′) (2.6.3)

The first symmetry property is simply a result of

cos(ωct+ ϕ+ π) cos
(
ωc t
′ + ϕ+ π

)
= (−1)2 cos(ωct+ ϕ) cos

(
ωc t
′ + ϕ

)

cos(ωct+ ϕ+ π) cos
(
ωc t
′ + ϕ+ π

)
= cos(ωct+ ϕ) cos

(
ωc t
′ + ϕ

)
(2.6.4)

So in this case the symmetry is stronger, and in fact b(t) is identical for the two pulses for all t.

In real space this corresponds to simply negating the electric field, which would effect the emission
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Figure 2.10: The |b(t)|2 produced by each pulse in Figure 2.9 through the minimal IDE model.
The base carrier-envelope phase is ϕ = π/4. Each symmetry pair has the same |b(t)|2, and all four
pulses have the same |b(t→∞)|2.

direction of photoelectrons in the lab frame but not the ionization process itself. The other two

symmetries are related in the same way as ϕ and π + ϕ:

π − ϕ+ π = 2π − ϕ ' −ϕ (2.6.5)

so we expect them to give the same b(t) as each other. The consequence of this behavior is visible

in Figure 2.10, where each pair’s |b(t)|2 is completely overlapped.

However, we have not yet determined that |b(t→∞)| is the same between the two classes of

symmetries. For ϕ 6= 0 or π/2, the difference between CEP ϕ and −ϕ is whether the higher-

amplitude central peak comes before or after the lower-amplitude one (see Figure 2.9). This is
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effectively a time reversal of the electric field. If write the phase-reversed field as E(t), we have

E(t) = F (t) cos(ωct− ϕ)

E(t) = F (t) cos(−ωct+ ϕ)

E(t) = E(−t) (2.6.6)

because F (t) = F (−t).

To prove that b(t→∞) is the same when E(t) is time-reversed 3, consider integrating the IDE

to get a single double-integral equation:

b(t) = 1 +A

∫ t

−∞
dt′
∫ t′

−∞
dt′′ E(t′) E(t′′)K(t′ − t′′) b(t′′) (2.6.7)

where we used the initial condition b(0) = 1 (although any initial condition would work). Plug the

solution back into the equation:

b(t) = 1 +A

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1 E(t′1) E(t′′1)K(t′1 − t′′1)

×
[

1 +A

∫ t′′1

−∞
dt′2

∫ t′2

−∞
dt′′2 E(t′2) E(t′′2)K(t′2 − t′′2) b(t′′2)

]

b(t) = 1 +A

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1 E(t′1) E(t′′1)K(t′1 − t′′1)

+A2

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2

∫ t′2

−∞
dt′′2 E(t′1) E(t′′1)K(t′1 − t′′1) E(t′2) E(t′′2)K(t′2 − t′′2) b(t′′2)

(2.6.8)

Call χ(t′n, t
′′
n) = E(t′n) E(t′′n)K(t′n − t′′n) and continue plugging the original IDE solution back in so

3This proof courtesy of Benjamin Lemberger.
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that we get a power series solution in A:

b(t) = 1 +A

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1 χ(t′1, t

′′
1)

+A2

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2

∫ t′2

−∞
dt′′2 χ1(t′1, t

′′
1)χ1(t′2, t

′′
2) b(t′2)

b(t) = 1 +A

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1 χ(t′1, t

′′
1)

+A2

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2

∫ t′2

−∞
dt′′2 χ1(t′1, t

′′
1)χ1(t′2, t

′′
2)

+A3

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2

∫ t′2

−∞
dt′′2

∫ t′′2

−∞
dt′3

∫ t′3

−∞
dt′′3 χ(t′1, t

′′
1)χ(t′2, t

′′
2)χ(t′3, t

′′
3)

+ · · ·

b(t) =
∞∑

p=0

ApIp(t) (2.6.9)

where

Ip(t) =

∫ t

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2

∫ t′2

∞
dt′′2

∫ t′′2

−∞
dt′3 · · ·

∫ t′′p−1

−∞
dt′p

∫ t′p

−∞
dt′′p χ(t′1, t

′′
1)χ(t′2, t

′′
2) · · ·χ(t′p, t

′′
p)

(2.6.10)

We will now show that Ip(t → ∞) = Ip(t → ∞), where Ip(t) uses E(t) in χ instead of E(t). In

terms of this original E(t), we have

Ip(t→∞) =

∫ ∞

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2 · · ·

∫ t′′p−1

−∞
dt′p

∫ t′p

−∞
dt′′p E(−t′1) E(−t′′1)E(−t′2) · · ·

×K(t′1 − t′′1)K(t′2 − t′′2) · · · (2.6.11)

Flip the signs and bounds of all of the integrals by appropriate substitution and renaming. Note

that this flips the signs of everything in the integrand:

Ip(t→∞) =

∫ ∞

−∞
dt′1

∫ ∞

t′1

dt′′1

∫ ∞

t′′1

dt′2 · · ·
∫ ∞

t′′p−1

dt′p

∫ ∞

t′p

dt′′p E(t′1) E(t′′1)E(t′2) · · ·

×K(t′′1 − t′1)K(t′′2 − t′2) · · · (2.6.12)
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Now we can use Heaviside theta functions to extend all of the integration bounds to infinity:

Ip(t→∞) =

∫ ∞

−∞
dt′1

∫ ∞

−∞
dt′′1

∫ ∞

−∞
dt′2 · · ·

∫ ∞

−∞
dt′p

∫ ∞

−∞
dt′′p E(t′1) E(t′′1)E(t′2) · · ·

×K(t′′1 − t′1)K(t′′2 − t′2) · · ·

×Θ(t′′1 − t′1) Θ(t′2 − t′′1) Θ(t′′2 − t′2) · · · Θ(t′p − t′′p−1) Θ(t′′p − t′p) (2.6.13)

Since the bounds of the integrals no longer depend on each other we can reverse the order of the

integrals so that we do t′′p first:

Ip(t→∞) =

∫ ∞

−∞
dt′′p

∫ ∞

−∞
dt′p

∫ ∞

−∞
dt′′p−1 · · ·

∫ ∞

−∞
dt′′1

∫ ∞

−∞
dt′1 E(t′1) E(t′′1)E(t′2) · · ·

×K(t′′1 − t′1)K(t′′2 − t′2) · · ·

×Θ(t′′1 − t′1) Θ(t′2 − t′′1) Θ(t′2 − t′′2) · · · Θ(t′p − t′′p−1) Θ(t′p − t′′p) (2.6.14)

Now we collapse the Heaviside theta functions. Because we’re going in reverse order, the bounds

will go from −∞ upwards (instead of thinking of t′′1 as larger than t′1, we now need t′1 to be smaller

than t′′1):

Ip(t→∞) =

∫ ∞

−∞
dt′′p

∫ t′′p

−∞
dt′p

∫ t′p

−∞
dt′′p−1 · · ·

∫ t′2

−∞
dt′′1

∫ t′′1

−∞
dt′1 E(t′1) E(t′′1)E(t′2) · · ·

×K(t′′1 − t′1)K(t′′2 − t′2) · · · (2.6.15)

Finally, rename variables:

t′′n → t′p−n+1 (2.6.16a)

t′n → t′′p−n+1 (2.6.16b)

The result is

Ip(t→∞) =

∫ ∞

−∞
dt′1

∫ t′1

−∞
dt′′1

∫ t′′1

−∞
dt′2 · · ·

∫ t′′p−1

−∞
dt′p

∫ t′p

−∞
dt′′p E(t′1) E(t′′1)E(t′2) · · ·

×K(t′p − t′′p)K(t′p−1 − t′′p−1) · · · (2.6.17)
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which is identical to Ip(t→∞). Therefore

b(t→∞) =
∞∑

p=0

ApIp(t→∞) =
∞∑

p=0

ApIp(t→∞) = b(t→∞) (2.6.18)

which is actually stronger than the symmetry we were looking for! All four pulses created by the

transformations produce an identical final state.

We should note that although these symmetries are exactly obeyed by the minimal IDE, the

TDSE does not display the time-reversal symmetry, as shown in Figure 2.11. Although the field-

direction-reversed pairs still produce the same ground state overlap, the time-reversed pairs do not.

This is likely due to the presence of continuum-continuum interactions, which we will discuss in

more detail in Section 2.6.3. IDE simulations run with that kernel also do not obey the time-reversal

symmetries.

2.6.2 Delta-Kicks

This is an attempt to bring classical intuition to bear on what the IDE model is telling us. We will

replace the continuous electric field by a series of delta-function “kicks”:

E(t)→
∞∑

n=−∞
ηn δ(t− tn) (2.6.19)

We will figure out what the IDE tells us about these non-physical kicks, and then compare to what

the motion of a quasi-classical Bohr model electron initially orbiting the nucleus would be when

kicked in the same way.

We begin with the double-integral form of the IDE

b(t) = − q
2

~2

∫ t

ti

dt′ E(t′)
∫ t′

t0

dt′′ b(t′′) E(t′′)Kb(t
′ − t′′). (2.6.20)
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Figure 2.11: The same pulses as in Figure 2.9, applied to a hydrogen atom under the full TDSE.
Although the field-direction-reversed pairs still produce the same ground state population, the
time-reversal symmetry does not hold, so the four pulses do not all produce the same ground state
overlap as t → ∞. Note that the timescale has been expanded to much later times compared
Figure 2.10, because there is much more action far from the center of the pulse in the full TDSE
than there is in the minimal IDE model.

Plug the electric field from above in and simplify, using the delta functions to collapse the integrals:

b(t) = b(ti)−
q2

~2

∫ t

ti

dt′
∑

n

ηn δ(t
′ − tn)

∫ t′

t0

dt′′ b(t′′)
∑

m

ηm δ(t
′′ − tm)Kb(t

′ − t′′)

b(t) = b(ti)−
q2

~2

∫ t

ti

dt′
∫ t′

t0

dt′′
∑

n

∑

m

ηn ηm δ(t
′ − tn) δ(t′′ − tm) b(t′′)Kb(t

′ − t′′)

b(t) = b(ti)−
q2

~2

∫ t

ti

dt′
∑

n

∑

ti≤m
tm≤t′

ηn ηm δ(t
′ − tn) b(tm)Kb(t

′ − tm)

b(t) = b(ti)−
q2

~2

∑

n,m
ti≤tm≤tn≤t

ηn ηm b(tm)Kb(tn − tm) (2.6.21)

The resulting equation (2.6.21) is basically equivalent to a backward Euler algorithm4 for solving

4We can also rephrase the iterative procedure described by (2.6.21) as a single lower-triangular matrix equation
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the continuous-field version of the IDE. Backward Euler is not nearly as efficient as RK4, but it

has good stability properties, so we don’t have too worry too much about our poor discretization

making the problem unstable.

To get some intuition about what’s going on, we can evaluate (2.6.21) in closed form for a small

number of time steps. As an example, let’s do that for a “sine-like pulse” made of two delta-kicks

of opposite sign but equal amplitude, η0 = −η1, delayed by a time ∆. Plugging in, we can find the

bound state amplitude at the first two time steps:

b(t0) = b(ti)−
q2

~2
η2

0 b(t0)Kb(0)

b(t1) = b(ti)−
q2

~2
η2

0 b(t0)Kb(0)− q2

~2
η2

1 b(t1)Kb(0)− q2

~2
η0(η1) b(t0)Kb(δ)

b(t1) = b(t0)− q2

~2
η2

0 b(t1)Kb(0) +
q2

~2
η2

0 b(t0)Kb(∆) (2.6.22a)

First we solve for b(t0) (and insert the initial condition b(ti) = 1):

b(t0)

(
1 +

q2

~2
η2

0 Kb(0)

)
= 1

b(t0) =
1

1 + q2

~2 η
2
0 Kb(0)

(2.6.23)

Sanity check: this is always less than one, because Kb(0) is a positive real number.

Now we can solve for b(t1):

b(t1)

[
1 +

q2

~2
η2

0 Kb(0)

]
= b(t0)

[
1 +

q2

~2
η2

0 Kb(∆)

]

b(t1) =
1 + q2

~2 η
2
0 Kb(∆)

[
1 + q2

~2 η
2
0 Kb(0)

]2 (2.6.24)

We can immediately see that the only dependence on the “pulse delay” δ comes from the Kb(∆)

in the numerator. Because Kb(∆) is a complex number, b(t1) depends greatly on the amplitude

and phase of the kernel evaluated at the time difference between the kicks, and even in this simple

form it can display the reversed CEP-dependence we found in Section 2.4.

and solve it using linear algebra techniques, but this quickly becomes much more memory-intensive than the iterative
procedure.
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Although this delta-kick model is indeed very simple, it is difficult to draw any conclusions from

it because the situation it presents is not very realistic. It also also seems difficult to extend it in

any meaningful way. It may be helpful for building intuition about what the IDE is saying, but

otherwise appears to be a dead end.

2.6.3 Hydrogen IDE Kernel with Partial Continuum-Continuum Interaction

One of the main things lacking from the minimal IDE derivation in Section 2.5.1 was a treatment

of direct continuum-continuum interactions. These interactions become especially important when

the ionization probability is large and the interaction time is long, because that is precisely when

there is a lot of amplitude in the continuum and it has time to interact under the laser pulse. The

interaction time being short was the primary reason we could ignore these interactions in [73].

To include the continuum-continuum interactions in some form, we need to take a different and

more technical approach to the derivation. The approach below is based on the treatment of the

continuum-continuum interaction presented in [90] 5.

We decompose the wavefunction into a single bound state and a continuum of momentum

eigenstates (plane waves):

|Ψ(t)〉 = cb(t) |b〉+

∫
d3p cp(t) |p〉 (2.6.25)

We write the Hamiltonian as a sum of three terms:

Ĥ = Ĥ0 + ĤC + ĤI (2.6.26a)

Ĥ0 =
p̂2

2m
(2.6.26b)

ĤC = − 1

4πε0

1

r
(2.6.26c)

ĤI = −q E(t) · r̂ (2.6.26d)

5With thanks to Jeff Schmidt for helping me understand the technique described there.
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Now use the Schrödinger equation to write down coupled differential equations:

i~ ċb(t) = cb(t) 〈b|Ĥ|b〉+

∫
d3p cp(t) 〈b|Ĥ|p〉

ċb(t) = −i1
~
cb(t)

[
〈b|Ĥ0 + ĤC |b〉+ 〈b|ĤI |b〉

]
− i1

~

∫
d3p cp(t)

[
〈b|Ĥ0|p〉+ 〈b|ĤC |p〉+ 〈b|ĤI |p〉

]

(2.6.27)

We can simplify 〈b|Ĥ0 + ĤC |b〉: it’s just Eb, the energy of the bound state (it is necessarily an

energy eigenstate). Additionally, 〈b|ĤI |b〉 is zero by symmetry (using, for example, the hydrogen

ground state). We will assume that 〈b|Ĥ0|p〉 and 〈b|ĤC |p〉 are zero. The first is not so good: we

are pretending that the plane waves are the true continuum states, which would immediately make

their overlaps with the bound state zero, and which is obviously not true. The second is the strong

field approximation, i.e., that the free electrons do not interact with the Coulomb potential, which

is quite reasonable for an intense pulse with a long interaction time. We are left with

ċb(t) = −iωb cb(t)− i
1

~

∫
d3p cp(t) 〈b|ĤI |p〉 (2.6.28)

For ċp, we have

i~ċp(t) = cb(t) 〈p|Ĥ|b〉+

∫
d3p′ cp′(t)

〈
p
∣∣Ĥ
∣∣p′
〉

i~ċp(t) = cb(t)
[
〈p|Ĥ0 + ĤC |b〉+ 〈p|ĤI |b〉

]
+

∫
d3p′ cp′(t)

[ 〈
p
∣∣Ĥ0

∣∣p′
〉

+
〈
p
∣∣ĤC

∣∣p′
〉

+
〈
p
∣∣ĤI

∣∣p′
〉]

i~ċp(t) = cb(t) 〈p|ĤI |b〉+ Epcp(t) +

∫
d3p′ cp′(t)

〈
p
∣∣ĤI

∣∣p′
〉

(2.6.29)

where similar assumptions to those made for ċb have been made.

In the past, we have simply neglected the last term of (2.6.29), 〈p|ĤI |p′〉, which represents

the continuum-continuum interaction induced by the electric field. It turns out that a reasonable

way to treat this term is to decompose it into two parts: a part that is singular at p = p′,

which corresponds to absorbing a photon and changing direction and angular momentum but not

magnitude of momentum, and a non-singular part which handles everything else [90]. This looks
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something like

〈
p
∣∣ĤI

∣∣p′
〉

=
〈
p
∣∣−E(t) · r̂

∣∣p′
〉

= −E(t) ·
〈
p
∣∣r̂
∣∣p′
〉

〈
p
∣∣ĤI

∣∣p′
〉

= −qE(t) ·
[
i~∇pδ

(
p− p′

)
+ g(p, p′)

]
(2.6.30)

The form of the singular part is suggested by the representation of the position operator in momen-

tum space. Taking only the singular part, the continuum-continuum interaction integral becomes

(being careful about how we order the terms, now that we have some weird operators in play)

∫
d3p′ cp′(t)

〈
p
∣∣ĤI

∣∣p′
〉

= −iq~
∫

d3p′ E(t) ·∇pδ
(
p− p′

)
cp′(t)

∫
d3p′ cp′(t)

〈
p
∣∣ĤI

∣∣p′
〉

= −iq~E(t) ·∇pcp(t) (2.6.31)

If we expand 〈p|ĤI |b〉 = −qE(t) · 〈p|r̂|b〉 ≡ −qE(t) · d(p) (the spatial dipole moment), we have

i~ ċp(t) = −qE(t) · d(p)cb(t) + Epcp(t)− iq~E(t) ·∇pcp(t)

ċp(t) = i
q

~
E(t) · d(p)cb(t)− iωp cp(t)− q E(t) ·∇pcp(t) (2.6.32)

Although this differential equation doesn’t look pleasant, it’s actually solvable by finding an inte-

grating factor, although we need to be much more formal about it than typically required. Let’s

do it one dimension (this is sufficient because the equation is linear, so we can just add up the

solutions across the dot products).

First, move all the differential operators to one side:

[∂t + q E(t)∂p] cp(t) = −iωp cp(t) + i
q

~
E(t) d(p) cb(t) (2.6.33)

Recall that the electric field is the negative derivative of the vector potential: E(t) = −Ȧ. Insert

that, and drop the explicit time dependences for simplicity:

[
∂t − q Ȧ(t) ∂p

]
cp = −iωp cp − i

q

~
Ȧ(t) d(p) cb (2.6.34)
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Let’s solve the homogeneous problem first. Drop the last term:

[
∂t − q Ȧ ∂p

]
cp = −iωp cp (2.6.35)

Suppose the solution has the form cp(t) = exp[N(p, t)] for some N(p, t), as yet undetermined. Then

we have

[
∂t − q Ȧ ∂p

]
eN(p,t) = −iωp eN(p,t)

[
∂t − q Ȧ ∂p

]
N(p, t) = −iωp

[
∂t − q Ȧ ∂p

]
N(p, t) = f(p) (2.6.36)

We need to guess a solution to this differential equation. If f = 0, this would be a wave equation,

and the solution could be any function N(p+ qA). If Ȧ = 0 and f = h(p, t), the solution is just

N =

∫ t

ti

dt′ h(p, t′) (2.6.37)

Let’s try a “combination” of those solutions:

N =

∫ t

ti

dt′ f(p+Q(t, t′)) (2.6.38)

where Q is an undetermined function. Plug this back into the differential equation (this requires

the Leibniz integration rule because the bounds of the integral depend on the variable we’re taking

the derivative in):

∂tN(p, t)− q Ȧ ∂pN(p, t) = f(p)

f(p+Q(t, t)) +

∫ t

ti

dt′ ḟ(p+Q(t, t′))Q̇(t, t′)− q Ȧ
∫ t

ti

dt′ ḟ(p+Q(t, t′)) = f(p) (2.6.39)

Suppose we choose Q(t, t) = 0. Then the first term on the left will cancel the driving term on the

right:

∫ t

ti

dt′ ḟ(p+Q(t, t′))Q̇(t, t′) = q Ȧ
∫ t

ti

dt′ ḟ(p+Q(t, t′)) (2.6.40)
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Let’s guess that Q(t, t′) = qA(t) − qA(t′), because any such function will automatically have

Q(t, t) = 0, and we know A should matter somehow. Then

Q̇(t, t′) = qȦ(t), (2.6.41)

which satisfies the above condition. So we have a solution to

[
∂t − q Ȧ ∂p

]
N(p, t) = L̂ cp = f(p) cp (2.6.42)

which is

cp = exp

[∫ t

ti

dt′ f(p+ qA(t)− qA(t′))
]

(2.6.43)

Note that this is equivalent to

L̂−1[f(p) cp] = exp

[∫ t

ti

dt′ f(p+ qA(t)− qA(t′))
]

(2.6.44)

which will be useful shortly.

Armed with this, we can solve the inhomogeneous equation:

L̂ cp = f(p) cp +R(p, t) (2.6.45)

where R(p, t) = −iqȦ(t) d(p) cb/~. We’re going to attempt to find an integrating factor M(p, t),

such that

M L̂ cp = M f(p) cp +M R (2.6.46)

For this to work as an integrating factor, we need to be able to move the M on the left inside

the operator L̂. To check whether we can do that, let’s just try it:

L̂[Mcp] = M L̂cp + cp L̂M

L̂[Mcp] = M f(p) cp +MR+ cp L̂M (2.6.47)
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Let’s choose L̂M = −Mf(p). Then the first and last terms on the right cancel, and L̂[Mcp] = MR.

This statement is very powerful! Observe:

L̂[Mcp] = MR

Mcp = L̂−1[MR]

cp = M−1L̂−1[MR] (2.6.48)

Let’s tackle that last part, since we already know how L̂−1 acts on things:

L̂−1[MR] =

∫ t

ti

dt′M(p+ qA(t)− qA(t′), t′)R(p+ qA(t)− qA(t′), t′) (2.6.49)

Now we just need M and M−1. Well, earlier, we chose

L̂M = −f(p)M (2.6.50)

This look a lot like ∂xf = −fx, which is solved by exp(−fx), so let’s say that

M(p, t) = exp

[
−
∫ t

ti

dt′ f(p+ qA(t)− qA(t′), t′)
]

(2.6.51)

Now we can write the full solution:

cp(t) = exp

[∫ t

ti

dt′′ f(p+ qA(t)− qA(t′′), t′′)
] ∫ t

ti

dt′ exp

[
−
∫ t′

ti

dt′′ f(p+ qA(t′)− qA(t′′), t′′)

]

×R(p+ qA(t)− qA(t′), t′)

cp(t) =

∫ t

ti

dt′ exp

[∫ t

ti

dt′′ f(p+ qA(t)− qA(t′′), t′′)−
∫ t′

ti

dt′′ f(p+ qA(t′)− qA(t′′), t′′)

]

×R(p+ qA(t)− qA(t′), t′)

cp(t) =

∫ t

ti

dt′R(p+ qA(t)− qA(t′), t′) exp

[∫ t

t′
dt′′ f(p+ qA(t)− qA(t′′), t′′)

]
(2.6.52)
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Plugging everything back in and going back to three dimensions, we have

cp(t) = i
q

~

∫ t

ti

dt′ cb(t
′)E(t′) · d(p + qA(t)− qA(t′)) exp

[
−i 1

2m~

∫ t

t′
dt′′
[
p + qA(t)− qA(t′′)

]2
]

(2.6.53)

Let’s plug back into the equation for ċb, (2.6.28):

ċb(t) = −iωb cb(t)− i
1

~

∫
d3p cp(t) 〈b|ĤI |p〉

ċb(t) = −iωb cb(t) + i
q

~

∫
d3p cp(t)E(t) · d(p)

ċb(t) = −iωb cb(t)−
q2

~2

∫
d3pE(t) · d(p)

∫ t

ti

dt′ cb(t
′)E(t′) · d(p + qA(t)− qA(t′))

× exp

[
−i 1

2m~

∫ t

t′
dt′′
[
p + qA(t)− qA(t′′)

]2
]

(2.6.54)

Remove the first term on the right by defining b(t) = exp(−iωbt) cb(t), and define A(t, t′) =

A(t)−A(t′) for notational compactness:

ḃ(t) = − q
2

~2

∫
d3pE(t) · d(p)

∫ t

ti

dt′ b(t′)E(t′) · d(p + qA(t, t′))

× exp

[
iωb(t− t′)− i

1

2m~

∫ t

t′
dt′′
[
p + qA(t, t′′)

]2
]

(2.6.55)

This equation is far too difficult to solve analytically, so let’s start approximating things ag-

gressively. First, we’ll use an electric field that is linearly polarized along the z-axis.

ḃ(t) = − q
2

~2
E(t)

∫ t

ti

dt′ b(t′)E(t′) exp
[
iωb(t− t′)

] ∫
d3p dz(p) dz(

∣∣p + qA(t, t′)ẑ
∣∣)

× exp

[
−i 1

2m~

∫ t

t′
dt′′
[
p2 + q pz A(t, t′′) + q2A2(t, t′′)

]]
(2.6.56)

Next we’ll remove the two things that are hardest to deal with by replacing dz(|p + qA(t, t′)ẑ|)

with dz(p) and neglecting q pz A(t, t′′) in the phase factor.

ḃ(t) = − q
2

~2
E(t)

∫ t

ti

dt′ b(t′)E(t′) exp

(
−i q

2

2m~

∫ t

t′
dt′′A2(t′′)

)∫
d3p |dz(p)|2 exp

(
−i t− t

′

2m~
p2

)

(2.6.57)
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To do the momentum integral we need to know what dz(p) is. The calculation can be performed

by expanding the plane wave in spherical partial waves:

φp(r) =
eip·r/~

(2π~)3/2
=

4π

(2π~)3/2

∑

`,m

i` j`(pr/~)Y m
` (p̂) [Y m

` (r̂)]∗ (2.6.58)

where j` is the spherical Bessel function with index `. The dipole moment integral becomes

dz(p) = 〈p|ẑ|b〉 =

∫
d3r φp(r) z [ψ100(r)]∗

=

∫ ∞

0
dr

∫ π

0
dθ

∫ 2π

0
dφ r2 sin θ r cos θ

1√
4π

2

a
3/2
0

e−r/a0
4π

(2π~)3/2

×
∑

`,m

i` j`(pr/~)Y m
` (p̂) [Y m

` (r̂)]∗

dz(p) =
8π

2
√
π(2π~a0)3/2

∫ ∞

0
dr r3e−r/a0

×
∫ π

0
dθ

∫ 2π

0
dφ sin θ cos θ

∑

`,m

i` j`(pr/~) [Y m
` (r̂)]∗ Y m

` (p̂) (2.6.59)

The angular integral collapses to 2
√
π/3 for (` = 1,m = 0), and is zero otherwise.

dz(p) = i
8π√

3(2π~a0)3/2
Y 0

1 (p̂)

∫ ∞

0
dr r3e−r/a0j1(pr/~) (2.6.60)

Mathematica can do the radial integral:

dz(p) = i
8π√

3(2π~a0)3/2
Y 0

1 (p̂) 8
a5

0

~
p

(
1 +

a2
0

~2 p2
)3 (2.6.61)

The quantity that enters the kernel integral is the squared magnitude of the matrix element:

|dz(p)|2 =
512

3π

3

4π

a7
0

~5

p2

(
1 +

a2
0

~2 p2
)6 cos2 θp (2.6.62)
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Now we can evaluate the momentum integral

∫
d3p |dz(p)|2 exp

(
−i t− t

′

2m~
p2

)
=

∫
d3p

512

3π

3

4π

a7
0

~5

p2

(
1 +

a2
0

~2 p2
)6 cos2 θp exp

(
−i t− t

′

2m~
p2

)

=
512

3π

3

4π

a7
0

~5

∫ ∞

0
dp

∫ π

0
dθp

∫ 2π

0
dφp p

2 sin θ

× p2

(
1 +

a2
0

~2 p2
)6 cos2 θp exp

(
−i t− t

′

2m~
p2

)

=
512

3π

3

4π

a7
0

~5

∫ ∞

0
dp p2 p2

(
1 +

a2
0

~2 p2
)6 exp

(
−i t− t

′

2m~
p2

)

×
∫ π

0
dθp

∫ 2π

0
dφp sin θ cos2 θp (2.6.63)

The angular integral is 4π/3, which cancels the 3/4π in the prefactor. Now we have

∫
d3p |dz(p)|2 exp

(
−i t− t

′

2m~
p2

)
=

512

3π

a7
0

~5

∫ ∞

0
dp

p4

(
1 +

a2
0

~2 p2
)6 exp

(
−i t− t

′

2m~
p2

)

∫
d3p |dz(p)|2 exp

(
−i t− t

′

2m~
p2

)
=

512

3π

a7
0

~5

~5

a5
0

∫ ∞

0
dx

x4

(1 + x2)6 exp

(
−i 1

2

~
ma2

0

(
t− t′

)
x2

)

∫
d3p |dz(p)|2 exp

(
−i t− t

′

2m~
p2

)
=

512

3π
a2

0

∫ ∞

0
dx

x4

(1 + x2)6 exp

(
−i 1

2

~
ma2

0

(
t− t′

)
x2

)
(2.6.64)

where we’ve changed variables to x = a0p/~ = a0k. Note that ~/ma2
0 is the inverse of the atomic

time, so the phase factor is measuring time differences in atomic times.

I’m not sure how to compute this integral by hand, but Mathematica or Sympy can provide a

closed form expression. It ends up being exactly the original kernel Kb(t− t′), once we add in the

bound state frequency shift term. We will lump this in with the extra phase terms that we got and

define

Kcc
b (t, t′) = exp

[
−i q

2

2m~

∫ t

t′
dt′′A2(t, t′′)

]
Kb(t− t′) (2.6.65)

where Kb(t− t′) is the original hydrogen-Bessel kernel, given by

Kb(t− t′) =
512

3π
a2

0 e
iωb(t−t′)

∫ ∞

0
dx

x4

(1 + x2)6 exp

(
−i 1

2

~
ma2

0

(
t− t′

)
x2

)
(2.6.66)
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The A2 phase factor must be calculated numerically for a given pulse, while Kb(t−t′) is independent

of the pulse parameters. The limits t− t′ = 0 and t− t′ =∞ are the same as the original kernel:

Kcc
b (t, t) = a2

0 (2.6.67a)

Kcc
b (t,−∞) = 0 (2.6.67b)

This is unsurprising, because the extra phase factors are only important when the vector potential

is important, which is over “medium” timescales, during the pulse. At short times there is no phase

difference, and at long times the exponential in the original kernel still dominates.

2.6.4 Instantaneous Ionization Rates in the Barrier-Suppression Regime

One of the primary mechanisms for ionization at small electric field amplitudes (relative to the

electric field of the nucleus) is tunneling. When the electric field of the laser pulse comes through,

it creates regions of space where the electron would have positive classical kinetic energy, as shown

in Figure 2.12. Parts of the electron wavefunction can tunnel through the remaining potential

barrier formed by the nucleus to these classically-allowed regions, and from there escape to

infinity.

A great deal of work has been done to estimate the tunneling rate in a variety of regimes, but

estimates generally disagree with each other [96]. Even worse, all of the above calculations stop

being reasonable when the electric field becomes large enough to lower the total potential below

the energy of the initial bound state (i.e., if there is no potential barrier at all), as illustrated in

Figure 2.13. We believe that the IDE model may provide some insight into this regime without

most of the extensive mathematical machinery employed by other approaches.

The minimum electric field amplitude for there to be no potential barrier is called the “critical”

field amplitude Ecrit. When the electric field amplitude is larger than this critical field, we are in

the barrier-suppression regime 6. We can approximate Ec for a hydrogenic atom by looking for

the electric field amplitude that makes the potential maximum along the polarization axis z equal

to the ionization potential of the state we’re interested in.

The total electric potential is the sum of the Coulomb potential VCoulomb and the potential

6Barrier-suppression ionization (BSI) is also known as over-the-barrier ionization (OBI).
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Figure 2.12: The electric potential as a function of distance along the polarization direction near
a hydrogen atom as a linearly polarized electric field is applied. The field amplitude is three
hundredths of the atomic electric field. The shaded region is the classically-allowed region for
an electron with the ground state’s energy (shown as a horizontal black dashed line). The com-
bined Coulomb and external field potential create another classically-allowed region for the electron
beyond a potential barrier. In this regime, the dominant ionization mechanism is tunneling.

caused by a static external electric field E , VField:

V (z) = VCoulomb(z) + VField(z)

V (z) = − e2

4πε0

1

z
− e E z (2.6.68)

where n is the number of unscreened protons in the nucleus of the hydrogenic atom. The potential

maximum occurs when the derivative of V (z) is zero. We call the position where this occurs z0 and
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Figure 2.13: The electric potential as a function of distance along the polarization direction near
a hydrogen atom as a linearly polarized electric field is applied. The field amplitude is one tenth
of the atomic electric field. The shaded region is the classically-allowed region for an electron with
the ground state’s energy (shown as a horizontal black dashed line). The electric field amplitude is
large enough that there is no potential barrier between the ground state and large z. This is the
barrier-suppression regime.

solve for it:

∂V (z)

∂z
=

ne2

4πε0

1

z2
− e E

=⇒ z0 =

√
ne

4πε0 Ec
(2.6.69)
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Now plug this back into V (z) to determine the potential at that distance:

V (z0) = − e2

4πε0

1

z0
− e E z0

= − e2

4πε0

1√
ne

4πε0 Ec

− e E
√

ne

4πε0 Ec

V (z0) = −
√
ne3Ec
πε0

(2.6.70)

Now we set V (z0) = Φ, the ionization potential of the bound state, and solve for Ec:

V (z0) = −
√
ne3Ec
πε0

= Φ

Ec =
πε0
ne3

Φ2 (2.6.71)

The instantaneous critical intensity Pc is

Pc =
π2cε30
n2e6

Φ4 (2.6.72)

For hydrogen, Ec is one-sixteenth of the atomic electric field, Ec ≈ 3.2× 1010 V m−1. This calculation

is very crude, and other estimates place the critical field somewhat higher, at E ≈ 0.15 a.u. [97].

The problems with this model are that it only considers the dimension along the polarization axis,

while in reality the electron wavefunction deforms in all three dimensions in response to the electric

field, and that the barrier opens more like a hole in a sphere than a wall dropping. Since the barrier

does not completely vanish, some of the electron wavefunction can “leak”, while other parts are still

tunneling, so the transition between the two regions should also be somewhat smooth. However,

all of these estimates are relatively close, and give us a rough idea of the electric field amplitude

where the transition occurs: about a fifth of an atomic electric field.

A series of papers by various Bauers ([96–98]) is basically a chronicle of attempts to convince

people that BSI is fundamentally different than tunneling ionization and that different and better

techniques are needed to understand the electron’s behavior in that regime correctly. Of particular

interest to us is an empirical observation from [96]: in the BSI regime, the bound state population
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Γ (this is Bauer’s notation) appears to obey

Γ(t) = exp

(
−
∫ t

t0

dt′W
[
E(t′)

])
(2.6.73)

where the bound state population implicitly begins at 1, and

W [E(t)] =





W ′[E(t)] E < Ecrit

2.4 E(t)2 E ≥ Ecrit

(2.6.74)

where W ′(t) is some tunneling ionization rate used when below the critical field. The electric field

amplitude E is expressed in atomic units, so that W is the fractional decay rate of the bound state

probability per atomic time. Bauer chooses Ecrit such that W [E(t)] is continuous (this means that

Ecrit depends on the tunneling model you choose for W ′, not on any other way of estimating the

critical field, such as the one demonstrated above). The numerical prefactor 2.4 was chosen by

averaging over the simulated instantaneous ionization rates caused by a variety of different pulses.

A comparison between TDSE simulations and Bauer’s “Tunneling + BSI” rate for femtosecond-

scale multi-cycle Gaussian pulses (parameterized by the amplitude prefactor E0, the center frequency

ω, and the number of cycles N) is shown in Figure 2.14. They are quite similar, both qualitatively

and quantitatively, although not perfect, as might be expected of a model that depends so sensitively

on a single constant obtained by averaging over disparate simulations.

Our interest in this is that the IDE model looks like E(t)
∫

dt′ E(t′), which looks like E2(t) if

you squint. Is there a way to go to some limit and get an instantaneous ionization rate similar to

Bauer’s empirical formula?

To see if there is, we will begin with the IDE (2.5.12):

ḃ(t) = − q
2

~2
E(t)

∫ t

−∞
dt′ b(t′) E(t′)Kb(t− t′). (2.6.75)

We will assume that the timescales over which b(t) and E(t) change are much slower than the kernel

timescale τb. Equivalent, we assume that they are constant over the range that the kernel amplitude

is non-negligible. This is appropriate for the pulses used by Bauer, which are femtosecond-scale

multi-cycle Gaussian pulses. Then we can say that b(t′) E(t′)→ b(t) E(t) and pull them out of the
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Figure 2.14: A comparison between between the full TDSE and the empirical Bauer Tunneling +
BSI model (2.6.74). This empirical model is capturing the basic behavior of the ionization process.
This is a reproduction of a figure from [96].

integral:

ḃ(t) = −b(t) q
2

~2
E(t)2

∫ t

−∞
dt′ Kb(t− t′). (2.6.76)

Numerically integrating the right hand side results in

ḃ(t) = −iγ ~
ma2

0

E(t)2 b(t) (2.6.77)

where γ = 1.16 for the approximate hydrogen kernel from Section 2.5.2 Note that ~/ma2
0 is the

inverse of the atomic time, so the number γ is precisely the ionization rate (for the bound state

amplitude) expressed in atomic units (per atomic electric field squared, per atomic time), The
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formal solution to the differential equation (2.6.77) is

b(t) = exp

(
−i
∫ t

−∞
dt′A E(t)2

)
(2.6.78)

so the remaining bound state population is

|b(t)|2 = exp

(
−i
∫ t

−∞
dt′ 2γ E(t)2

)
(2.6.79)

This is exactly the same form as in Bauer’s instantaneous ionization rate formula (2.6.73). We

would say that the numeric prefactor in front of E(t)2 in that formula is 2γ = 2.33i, compared to

the empirical −2.4 that Bauer found. Although this is close in magnitude (which is promising),

the phase is completely wrong. The i should switch the result from decay to oscillation, and this

is precisely what we see in simulations.

We performed simulations using the minimal IDE model, but also included the Landau tunneling

rate when below the critical electric field amplitude predicted by Bauer’s method. As shown in

Figure 2.15, for the pulses used in [96], the IDE tends to oscillate instead of decay.



158

0 1 2 3 4 5 6
Time t (pulse periods)

0.0

0.2

0.4

0.6

0.8

1.0
In

it
ia

l
S

ta
te

O
ve

rl
a
p

E0 = 0.3 a.u., ω = 0.2 a.u., N = 6

E0 = 0.3 a.u., ω = 0.2 a.u., N = 12

E0 = 0.5 a.u., ω = 0.2 a.u., N = 6

E0 = 0.5 a.u., ω = 0.2 a.u., N = 12

TDSE

Bauer Tunneling + BSI

IDE w/ Landau Tunneling

Figure 2.15: A comparison between between the full TDSE, the empirical Bauer Tunneling + BSI
model (2.6.74), and the minimal IDE model (2.5.12). The minimal IDE model is not behaving
like the TDSE: instead of the initial state overlap decaying, it predicts that it remains large and
oscillates.

However, the fact that something is happening indicates we might still be on the right track.

That we get oscillations instead of decay indicates that the overall phase of the term in the exponent

may be wrong. If we shifted the phase so that the overall exponent became mostly-real instead

of mostly-imaginary, it would cause decay (or growth) instead of oscillations. If we arbitrarily

modify the kernel by phase-shifting it like K(t, t′)→ iK(t, t′), such that the above calculation that

resulted in 2γ = 2.33i would instead give 2γ = −2.33, we get a startlingly good result, as shown in

Figure 2.16.
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Figure 2.16: A comparison between between the full TDSE, the empirical Bauer Tunneling + BSI
model (2.6.74), and an empirically-modified IDE model, where the kernel has been phase-shifted by
multiplying it by i. The empirically-modified IDE model is behaving much better than the minimal
IDE model: it is approximately as wrong as the empirical tunneling model is.

Of course, this is not terribly meaningful, because we don’t yet understand where such a phase

shift might arise from. One possibility is that it arises from the continuum-continuum interactions,

which we learned how to treat in the previous section. If we use the improved kernel with partial

continuum-continuum interactions (2.6.65), we lose the ability to simply perform the integral as we

did above (because the kernel now depends on the pulse shape), but we can certainly plug in some

numbers and see what happens. We ran IDE simulations with this kernel, shown in Figure 2.17.

The results are improved from Figure 2.15, but still far from the empirically-modified kernel of

Figure 2.16.
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Figure 2.17: A comparison between between the full TDSE, the empirical Bauer Tunneling + BSI
model (2.6.74), and an IDE model with partial continuum-continuum interactions (2.6.65). This is
certainly closer to the TDSE and empirical tunneling model, but we have not progressed as far as
the empirically-modified IDE model using in Figure 2.16.

Further improvements to the IDE model may be able to capture the simple ionization rate

model proposed by Bauer more accurately.

2.7 Conclusions and Future Work

The work discussed in this chapter began with trying to answer a focused question about timescale-

dependence in ionization probability for ultrashort intense pulses. To answer that question, the

scope of the investigation necessarily grew larger, and we found a different question, regarding

the CEP-dependence of the ionization instead. Despite being able to answer the CEP-dependence

question, we were unable to satisfactorily address our original question about how the ionization

probability depends on the pulse duration.

Thus, there are two obvious possible next steps for this project. The first is to pursue that
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original question: to understand the necessary coupled quantum-electrodynamic model for such

short and intense pulses, so we can validate whether the apparent decrease shown in Figure 2.5 is

truly what it appears to be. One can image building a simple model of the ionization probability,

perhaps based on the same IDE model we used in this research, that explains in a quantum sense

how the classical intuition about bound particles translates (or doesn’t translate) to this situation.

This path is intriguing because it hints at possible applications of ultrafast science. Krausz

predicts that ultrafast control of electrons will become an important part of technology in the

coming years [68]. For example, we have considered the idea of using the pulse duration and

CEP to selectively ionize the inner-shell electrons of large atoms while leaving outer-shell electrons

untouched. This creates population inversion, which could then be used to drive a laser system,

likely at a very high photon frequency that is unreachable by other techniques. However, simulating

any such process is beyond the technical capabilities that have been implemented for this project so

far. Substantial work would need to be done to model that kind of device using our computational

techniques.

The other possible next step is to continue pursuing connections to barrier-suppression ion-

ization. As discussed in Section 2.6, we are tantalizingly close to understanding where certain

empirical observations about the tunneling rate in the BSI regime come from. Perhaps there are

additional physically-motivated modifications that we can make to the IDE model that will bring

it more in line with what we observe in TDSE simulations.
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Appendices

These appendices are a mix of long-form derivations extracted from the main text due to their

length, and shorter derivations of specific, focused techniques that support the numerical methods

used in the simulations.

A Finding Microsphere Modes Numerically

Finding the free-space wavelengths (or, equivalently, frequencies) of a microsphere’s whispering

gallery resonator modes requires solving a transcendental equation called the modal equation,

which can be written in terms of the cylindrical Bessel and Neumann functions J and Y (i.e.,

Bessel functions of the first and second kind) as

M`(k) =
Y`−1/2(k0R)

Y`+1/2(k0R)
− P

J`−1/2(k R)

J`+1/2(k R)
− `
(

1

k0R
− P

kR

)
(A.1)

where k0 = 2π/λ is the free-space wavenumber, k = nk0 is the wavenumber inside the resonator,

` is the angular momentum number of the whispering gallery mode, and P is a correction factor

that depends on the desired mode’s polarization. For this discussion, the only important thing

about this equation is that the resonator has modes at the zeros (or roots, used interchangeably)

of this function in k (or, equivalently, λ, if we know n(λ), perhaps from the material’s Sellmeier

coefficients).

The standard technique to find a root of this equation is to use some kind of bracket-based root

finding algorithm (think Newton’s method, although we typically use the more-advanced Brent’s

method provided by SciPy [92]). One identifies a bracket where the function’s value at the endpoints

are of opposite sign, then uses the algorithm to walk steadily inward until one finds a root. This

works perfectly well for this equation, except for two problems:

� As shown in Figure A.1, this equation has many roots (i.e., the resonator has many modes).
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� We don’t know where to put the brackets without looking at the plot, because we don’t know

where the roots are.

Finding any one zero wouldn’t be too bad, but we need a little more power to extract all the

zeros (i.e., to find all of the modes), which is really what we’re after. For large λ, the modal

equation has a very regular structure of alternating asymptotes and zeros. These asymptotes turn

out to occur at the zeros of the denominator of the second term. Between each pair of asymptotes

there is a zero of the modal equation.

As λ becomes smaller, the regular pattern becomes distorted by the asymptotes caused by the

denominator of the first term. In each interval between two of the second-term asymptotes (“good”

asymptotes), there is only a zero if there is not also an asymptote from the first term (a “bad”

asymptote). Eventually, as λ continues to decreases, there are so many bad asymptotes that there

are no longer any zeros.

Based on this analysis, our algorithm for finding all of the modes is this:

1. Identify all of the good and bad asymptotes.

2. Iterate through the good asymptotes in overlapping pairs ((G0, G1), (G1, G2), (G2, G3), · · · ),

where each pair defines an interval to possibly search for a root in.

3. If there is no bad asymptote between the pair of good asymptotes, use a root finder to get

the modal equation root in this interval.

The second and third steps are mostly trivial using SciPy, but for the first we need some

mathematical backup. We can identify the locations of the asymptotes using some semi-analytic

techniques. Unfortunately there is no analytic formula for the zeros of the Bessel functions, but

luckily there is an approximation for them that is accurate to inverse-third-order in the Bessel order

and is uniformly accurate in the Bessel argument [99]. This is exactly what we need for whispering

gallery modes, which all have large ` (corresponding to large Bessel order).

Denote the mth zero of the Bessel function Jν as Jν,m. Then we have

Jν,m ≈ ν z(ζ) +
z(ζ) [h(ζ)]2B0(ζ)

2ν
(A.2)
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Figure A.1: The value of the microsphere whispering gallery mode modal equation in a 50 µm
radius silica microsphere for ` = 450 near λ = 650 nm. “Good” asymptotes are marked in green,
and “bad” asymptotes are marked in red. There is a modal equation zero between every pair of
good asymptotes unless there is a bad asymptote between them, in which case there is never a
zero. As λ decreases, the density of bad asymptotes increases.

where

ζ = ν−2/3 am (A.3)

h(ζ) =

(
4ζ

1− [z(ζ)]2

)1/4

(A.4)

where am is the mth zero of the Airy function Ai. The function z(ζ) is defined by

2

3
(−ζ)3/2 −

√
z2 − 1 + arccos(1/z) = 0 (A.5)

where z must be determined numerically from a known ζ. B0 is given by

B0 = i(−ζ)−1/2U (A.6)
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where

U =
1

24

(
3u− 5u3

)
(A.7)

u = i(z2 − 1)−1/2 (A.8)

Note that B0 always ends up being real, because there are an even number of i in each term.

The above is for the good asymptotes, which come from the Bessel function J . The bad

asymptotes come from the Nuemann function. Luckily the only difference for them is to replace

the zeros of the Airy function with the zeros of the Airy function of the second kind Bi (everything

else stays the same). Functions to calculate the zeros of the Airy function are also available via

SciPy, so we can accomplish the first step of the algorithm without too much hassle.

B Reducing to the Sideband Model

We start with the polarization propagation equation (1.2.45):

Ėq = i
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3

∑

r,s,t

ErE∗s Et
Vrstq
Vqq

(
1

∆∗st
+

1

∆ts

)
e−i∆rstqt (B.1)

We choose the cavity modes to be sidebands whose frequency are given by ωq = ωP+q ωm, where ωP

is the pump frequency and ωm is the modulation frequency (ωm = ωb−ωa). This arrangement

is often called a “ladder”, because it has equally-spaced “rungs”, where each rung is a sideband

mode.

Using this set of cavity modes, we can simplify (B.1). Recall that

∆xy = (ωx − ωy)− ωm + iγb (B.2)
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so

∆ts = (ωt − ωs)− ωm + iγb

= (ωP + t ωm − ωP − s ωm)− ωm + iγb

= (t− s− 1)ωm + iγb (B.3)

The real part of (B.3) is only zero if s = t + 1. Since this is also the point where ∆st has the

smallest magnitude, it is the term that matters the most in the sum in (B.1).

If we do make this assumption, we’ll be left with two terms from each sum. When t = s+1 =⇒

s = t− 1, we get the 1/∆ts term, and when t = s− 1 =⇒ s = t+ 1 we get the 1/∆∗st term.

Ėq = i
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3Vqq

[∑

r,s

ErE∗s Es+1

Vr,s,s+1,q

∆s+1,s

e−i∆r,s,s+1,qt + ErE∗s Es−1

Vr,s,s−1,q

∆∗s,s−1

e−i∆r,s,s−1,qt

]

(B.4)

Now notice that the four-mode detunings look like

∆r,s,s±1,q = ωr − ωs + ωs±1 − ωq

= ωP + r ωm − ωP − s ωm + ωP + (s± 1)ωm − ωP − q ωq

= [r − s+ (s± 1)− q]ωm

∆r,s,s±1,q = [r − q ± 1]ωm (B.5)

Since ωm is large, this exponential factor will be large enough to kill the term it is attached to if

r − q ± 1 6= 0. Therefore we must have r = q ∓ 1:

Ėq = i
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3Vqq

[∑

s

Eq−1E∗s Es+1

Vq−1,s,s+1,q

∆s+1,s

e−i∆q−1,s,s+1,qt

+Eq+1E∗s Es−1

Vq+1,s,s−1,q

∆∗s,s−1

e−i∆q+1,s,s−1,qt

]
(B.6)

Finally, we will assume that only adjacent sidebands can affect each other. Note that this is

a huge assumption, and is not supported by anything we’re seeing in (B.6) itself! When running

simulations with the full model, one needs to be careful of accidently putting the sideband modes
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in a perfect ladder, allowing them all to talk to each in unexpected ways (because the four-mode

detuning is more important than the two-mode detuning when the Raman linewidth is large). In

reality, the modes are never organized in a perfect ladder, and the four-mode detunings that result

from that will kill any “ladder-jumping” interactions.

To implement this assumption, set s = q − 1 in the first term and s = q + 1 in the second term

(which removes the sum over s):

Ėq = i
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3Vqq

[
Eq−1E∗q−1Eq

Vq−1,q−1,q,q

∆q,q−1

e−i∆q−1,q−1,q,qt

+Eq+1E∗q+1Eq
Vq+1,q+1,q,q

∆∗q+1,q

e−i∆q+1,q+1,q,qt

]

Ėq =
N

2

ωq

ε0 ε(1)(ωq)

C2

4~3Vqqγb
Eq
[∣∣Eq−1

∣∣2 Vq−1,q−1,q,q −
∣∣Eq+1

∣∣2 Vq+1,q+1,q,q

]
(B.7)

This is identical in form to the standard sideband model, with the usual generic prefactor G

expanded out to its component parts. Since no phases remain on the right hand side of the equation,

the Eq can be modeled as being purely real. This makes the sideband model simple enough to work

with by hand, although it clearly does not account for most of the possible interactions in the

Raman system.

We have confirmed that our model (in both this reduced form and in the original) reproduces

well-known results of the sideband model, such as the stair-step pattern of mode energies in cascaded

stimulated Raman scattering [60]. A scan where we increase the launched pump power with a

sideband ladder of Stokes modes above the pump mode is shown in Figure B.1. To get this scan

to behave correctly, each sideband mode has been dithered from its ideal sideband frequency by

a few GHz to prevent the accidental-resonance problems discussed above. Without this dithering,

energy would be able to “skip” modes in a way that is perfectly allowed, but doesn’t actually occur

in physical systems because they are not perfect sideband ladders.



168

100 101 102 103 104

Launched Pump Power SP (mW)

101

102

M
o
d

e
E

n
er

gy
U
q

Pump

1st Stokes

2nd Stokes

3rd Stokes

4th Stokes

5th Stokes

6th Stokes

Figure B.1: The energy stored in each resonator mode during cascaded stimulated Raman scatter-
ing. Each Stokes mode in turn is pumped by the mode below it. While each mode pumps the one
above it, its own energy is clamped at threshold, producing a “stair-step” pattern. At any given
launched pump power, either all of the even-numbered modes are increasing and the odd modes
are clamped, or vice-versa.

C Spherical Harmonic Recurrence Relationships

When working with whispering gallery modes in spherical microresonators, one may need to perform

numerical calculations involving vectors spherical harmonics. This is straightforward when the

angular momentum numbers ` and m are small, but becomes problematic when they are large

because factors like (`+m)! appear in the normalization factors. These huge factors cancel by the

end of the calculation (spherical harmonic values are order 1 or smaller for any ` and m, no matter

how large), but in the intermediate steps these numbers are far too large to work with in 64-bit

floating-point arithmetic.

The solution to this problem is to calculate the spherical harmonics by way of recurrence re-

lationships. This is an iterative solution, where the value under consideration will stay small at

each step of the calculation. The trade-off, of course, is that there are many more steps to the
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calculation. However, the additional computational cost is still much smaller than the cost of doing

the very-large-number, high-precision arithmetic required by direct evaluation.

The recurrence-based technique we use is adapted from [100]. The actual recurrence relations

will be defined on the normalized associated Legendre polynomials P
m
` , which are defined

by a normalization relationship to the standard associated Legendre polynomials Pm` , which can

be found by the Rodrigues formula:

P
m
` =

√
(2`+ 1)(`−m)!

2π (l +m)!
Pm` (C.1)

Pm` =
(−1)m

2``!

(
1− x2

)m/2 d`+m

dx`+m
(
x2 − 1

)`
(C.2)

This normalization handles most of the normalization factors of the spherical harmonics. To get to

the spherical harmonic Y m
` from P

m
` , we mainly neeed to handle the phase:

Y m
` (θ, φ) = P

m
` (θ, φ)

eimφ√
2

(C.3)

and multiply by an additional (−1)m if m < 0.

Because most of the spherical harmonics we want to evaluate have large ` and |m| ≈ `, we

identify these three recurrence relationships as being particularly efficient:

1 P
m
m = −

√
1 +

1

2m
sin θ P

m−1
m−1 (C.4a)

2 P
m
m+1 = −

√
2m+ 3 cos θ P

m
m (C.4b)

3 P
m
` = −am`

(
cos θ P

m
`−1 + bm` P

m
`−2

)
(C.4c)

Figure C.1 shows how these recurrence relationships can be used to compute higher-order P
m
`

from lower-order ones. The idea is to move up the “side” of the P
m
` inverted-pyramid until reaching

the correct m, then move straight up to the correct `. The base case is P
0
0 = 1/

√
2. It takes `+m+1

steps to get to P
m
` from the base case, and then an additional step to go to Y m

` .



170

P
0
0

P
0
1 P

1
1

P
0
2 P

1
2 P

2
2

P
0
3 P

1
3 P

2
3 P

3
3

P
0
4 P

1
4 P

2
4 P

3
4 P

4
4

P
0
5 P

1
5 P

2
5 P

3
5 P

4
5 P

5
5

P
0
6 P

1
6 P

2
6 P

3
6 P

4
6 P

5
6 P

6
6

P
0
7 P

1
7 P

2
7 P

3
7 P

4
7 P

5
7 P

6
7 P

7
7

1

1

1

2

3

3

3

`

−m m

Figure C.1: Constructing P
3
7 from P

0
0 using the recurrence relationships of (C.4), which are rep-

resented as arrows. The first relationship lets us generate P
m+1
m+1 from P

m
m. The second lets us

generate P
m
m+1 from P

m
m. The third lets us generate P

m
` from P

m
`−1 and P

m
`−2.

D The Tridiagonal Matrix Algorithm

Most of the time evolution algorithms for the TDSE implemented in Section 2.3 depends on being

able to perform four matrix operations. Two of the operations are simply multiplication of a vector

by a very sparse matrix, and are easily and quickly accomplished by standard techniques for working

with sparse matrices. The other two steps are complicated, since they involve multiplying by the

inverse of a very sparse matrix: not an easy thing to find.

Luckily, there is a fast algorithm to determine the result of that multiplication (but not the

matrix inverse itself) if the matrix is tridiagonal. A tridiagonal matrix is a sparse matrix where

only the main diagonal and the first upper and lower off-diagonals are non-zero. Boringly, this
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algorithm is usually called The Tridiagonal Matrix Algorithm (TDMA).

Consider the problem of finding y given

A−1 x = y (D.1)

x = A y, (D.2)

where x and A are known but A−1 is not. The second line indicates that such a multiplication is

equivalent to solving a linear system of equations. If A is tridiagonal, the expanded form of this

equation is




x0

x1

...

xn−1

xn




=




a0 b0 0

c0 a1 b1

c1 a1
. . .

. . .
. . . bn−1

0 cn−1 an







y0

y1

...

yn−1

yn




(D.3)

The derivation of the TDMA is somewhat involved, but to summarize, one “merely” performs

Gaussian elimination in a specific order. A pattern will emerge that leads to a recursive method of

computing each yi, as follows.

First, one calculates a “modified superdiagonal”:

b′i =





bi/ci i = 0

bi
ci−aib′i−1

i = 1, 2, · · · , n− 1

(D.4)

Note that the definition is recursive: b′i depends on b′i−1. This unfortunate limitation makes it

impossible to vectorize the calculation of b′. Next, b′ is used to calculate a modified x which we

call x′:

x′i =





xi/bi i = 0

xi−cix′i−1

ci−cib′i−1
i = 1, 2, · · · , n

(D.5)
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One can then calculate the yi (in reverse order, starting from yn):

yi =





xi/ai i = n

x′i − b′iyi+1 i = n− 1, n− 2, · · · , 0
(D.6)

This algorithm requires three passes through the matrix diagonals or vectors, each of length O(n),

so the overall algorithm is O(n). Plain Gaussian elimination is O(n3), so, where applicable, the

TDMA can represent a tremendous speedup over a naive implementation.

E Split-Operator Methods

Suppose that we have a PDE of the form

∂tu = (Â+ B̂)u (E.1)

for some operators Â and B̂ and unknown function u(x, t). Assuming we know how to apply the

operators Â and B̂ individually we can write the analytic solutions to each of them between time

step n and n+ 1, given un:

un+1 ≈ eÂ∆t un

un+1 ≈ eB̂∆t un (E.2)

This is not the solution to the original differential equation, because we applied each operator

individually, as if the other did not exist. However, they can both be thought of as very poor

estimates of the solution to the original problem.

To “merge” these two wrong estimates into a better estimate, consider a scheme that uses the

result of the first calculation as the starting point for the second:

u∗ = eÂ∆t un

un+1 ≈ eB̂∆t u∗ = eB̂∆t eÂ∆t un (E.3)
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This is called a split-operator method, because we have “split” the evolution operator into two

parts and evaluated each individually. It can also be recognized as approximating the analytic

solution un+1 = e(Â+B̂) ∆t un using the first term in the Baker-Campbell-Hausdorff (BCH) formula.

The truncation error τ for a single step is the difference between our approximate solution and the

true solution, which we can evaluate by using the BCH formula to expand the true solution:

τ = eB̂∆t eÂ∆t un − e(Â+B̂) ∆t un

=
[
eB̂∆t eÂ∆t − e(Â+B̂) ∆t

]
un

=

[(
Î + ∆t B̂ +

(∆t)2

2
B̂2 + · · ·

)(
Î + ∆t Â+

(∆t)2

2
Â2 + · · ·

)

−
(
Î + ∆t

(
Â+ B̂

)
+

(∆t)2

2

(
Â+ B̂

)2
+ · · ·

)]
un

=

[(
Î + ∆t

(
Â+ B̂

)
+

(∆t)2

2

(
Â2 + 2ÂB̂ + B̂2

)
+ · · ·

)

−
(
Î + ∆t

(
Â+ B̂

)
+

(∆t)2

2

(
Â+ B̂

)2
+ · · ·

)]
un

=

[
(∆t)2

2

(
Â2 + 2ÂB̂ + B̂2 − Â2 − ÂB̂ − B̂Â− B̂2

)
+ · · ·

]
un

=

[
(∆t)2

2

(
ÂB̂ − B̂Â

)
+ · · ·

]
un

τ =

[
(∆t)2

2

[
Â, B̂

]
+ · · ·

]
un (E.4)

So the truncation error is O
(
∆t2

)
if Â and B̂ don’t commute and O

(
∆t3

)
if they do, with the total

errors after many such steps being one order lower. The worst case scenario (and the most common

for a situation where we need a numerical solution) is for non-commuting operators, so we should

expect an overall error of O(∆t) just from the splitting, before we even consider any additional

numerical error from evaluating the operators. Since many operator-evaluation schemes involving

spatial derivatives will be second-order in space, we should try to bring the splitting error down to

the same order in time.

Is there a way to get rid of that pesky commutator and bring the error down to third order?



174

Yes: using a scheme called Strang splitting.

un+1 = eÂ
∆t
2 eB̂∆t eÂ

∆t
2 un (E.5)

This scheme is an order more accurate than the basic split-operator method, so we need to keep

terms up to third order in ∆t when we calculate the truncation error τ :

τ = eÂ
∆t
2 eB̂∆t eÂ

∆t
2 un − e(Â+B̂) ∆t un

=
[
eÂ

∆t
2 eB̂∆t eÂ

∆t
2 − e(Â+B̂) ∆t

]
un

=

[(
Î +

∆t

2
Â+

(∆t)2

8
Â2 +

(∆t)3

48
Â3 + · · ·

)(
Î + ∆t B̂ +

(∆t)2

2
B̂2 +

(∆t)3

6
B̂3 + · · ·

)

×
(
Î +

∆t

2
Â+

(∆t)2

8
Â2 +

(∆t)3

48
Â3 + · · ·

)

−
(
Î + ∆t

(
Â+ B̂

)
+

(∆t)2

2

(
Â+ B̂

)2
+

(∆t)3

6

(
Â+ B̂

)3
+ · · ·

)]
un

=

[(
Î +

∆t

2
Â+

(∆t)2

8
Â2 +

(∆t)3

48
Â3 + ∆t B̂ +

(∆t)2

2
B̂2 +

(∆t)3

6
B̂3 +

(∆t)2

2
ÂB̂ +

(∆t)3

4
ÂB̂2

+
(∆t)3

8
Â2B̂ + · · ·

)
×
(
Î +

∆t

2
Â+

(∆t)2

8
Â2 +

(∆t)3

48
Â3 + · · ·

)

−
(
Î + ∆t

(
Â+ B̂

)
+

(∆t)2

2

(
Â+ B̂

)2
+

(∆t)3

6

(
Â+ B̂

)3
+ · · ·

)]
un

=

[(
Î + ∆t Â+ ∆t B̂ +

(∆t)2

2
Â2 +

(∆t)2

2
ÂB̂ +

(∆t)2

2
B̂Â+

(∆t)2

2
B̂2

+
(∆t)3

6
Â3 +

(∆t)3

2
ÂB̂2 +

(∆t)3

2
Â2B̂ +

(∆t)3

6
B̂3 + · · ·

)

−
(
Î + ∆t

(
Â+ B̂

)
+

(∆t)2

2

(
Â+ B̂

)2
+

(∆t)3

6

(
Â+ B̂

)3
+ · · ·

)]
un

=

[(
(∆t)3

6
Â3 +

(∆t)3

2
ÂB̂2 +

(∆t)3

2
Â2B̂ +

(∆t)3

6
B̂3 − (∆t)3

6

(
Â+ B̂

)3
+ · · ·

)]
un (E.6)

This remaining terms do not fully cancel away, so the single-step error is O
(
∆t3

)
, and the error

after many such steps is O
(
∆t2

)
. I find that with this method, the time step required for good

frequency-space properties is more than small enough to saturate the accuracy compared to the

spatial errors.
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If you don’t care about intermediate results, most of the operators can be contracted:

un = eÂ
∆t
2 eB̂∆t eÂ

∆t
2 eÂ

∆t
2 eB̂∆t eÂ

∆t
2 · · · eÂ ∆t

2 eB̂∆t eÂ
∆t
2 u0

un = eÂ
∆t
2 eB̂∆t eÂ∆teB̂∆t eÂ∆t · · · eB̂∆t eÂ

∆t
2 u0

un = eÂ
∆t
2

(
eB̂∆t eÂ∆t

)n−1
eB̂∆t eÂ

∆t
2 u0 (E.7)

Note that the inner term
(
eB̂∆t eÂ∆t

)n−1
is roughly what we would have done without Strang

splitting! Only a small, fixed extra cost (the few extra operators on either side) is required to go

to second-order in time in the final result, which is fairly remarkable. Our current implementation

does not use this trick, but it may be a useful optimization technique in future work.

F Velocity Gauge TDSE Evolution Operators

In Section 2.2.2 we found that the wavefunction could be represented in either the length gauge

(ΨL) or the velocity gauge (ΨV ):

ΨL = exp
(
−i q

~
A(t) · r

)
exp

(
−i q

2

2m~

∫ t

−∞
A2(τ) dτ

)
ΨV (F.1a)

ΨV = exp
(
i
q

~
A(t) · r

)
exp

(
i
q2

2m~

∫ t

−∞
A2(τ) dτ

)
ΨL (F.1b)

Apparently ΨL and ΨV are quite different from each other. In fact, ΨV typically requires far fewer

spherical harmonics in its partial-wave expansion to get the same numerical accuracy [72, 81].

To see why this is the case, consider the partial-wave expansion of the exponential phase term

exp
(
i e~A(t) · r

)
:

exp
(
i
e

~
A(t) · r

)
= exp

(
i
e

~
Aẑ · r

)

= exp
(
i
e

~
Az
)

=

∞∑

`=0

i` (2`+ 1) j`

( e
~
A r
)
P`(cos θ) (F.2)

where j` is the spherical Bessel function with index ` and P` is the `th Legendre polynomial.

Now consider the size of the system. Suppose it is bounded by a sphere of radius rmax. One way
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to get an estimate of rmax is to consider what would happen if we had a monochromatic electric

field of amplitude E0 and angular frequency ω, and the electron motion was purely classical. Then

the electron would have a quiver-motion amplitude of

α0 =
eE0

mω2
≈ rmax, (F.3)

where ω is the angular frequency of the electric field. The largest value of the argument of the

spherical Bessel function in F.2 is then approximately

e

~
A0 rmax ≈

e

~
E0

ω

eE0

mω2
=

e2E2
0

~mω2
. (F.4)

To get detailed angular resolution over that same (unitless) length scale we also need that many par-

tial waves, regardless of whether there is any physical (not purely phase) information contained in

those high-` spherical harmonics. It isn’t immediately clear which wavefunction initially “includes”

this extraneous phase information, such that “undoing” that phase by going to the other represen-

tation reduces the complexity of Ψ. However, the literature indicates that it is the velocity-gauge

representation which has the more compact partial-wave expansion [81].

At first glance this may be very counter-intuitive. For example, consider measuring the angular

momentum of the electron. This is an gauge-independent physical observable and therefore its

expectation value must be the same in the two representations. This seems to raise a contradiction:

the velocity gauge representation is “missing” many higher-` partial waves, so how can it possibly

give the same expectation value as we get the from the length gauge? The answer is that when we

make the transformation to the velocity gauge, the operators whose expectation values are invariant

are the kinetic momentum and angular momentum, not the the canonical momentum and angular

momentum. The kinetic versions of the operators correspond to the actual velocity of the particle

(or it’s expectation value, thinking about Ehrenfest’s theorem). They are defined by

p̂can = p̂− eA (F.5a)

L̂can = r× (p̂− eA). (F.5b)

When there is no electric field, the canonical and kinetic momenta are the same, and the distinction
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between which expectation values vanishes. Note that in the length gauge A = 0, so the canonical

and kinetic momenta are actually always the same. But in the velocity gauge, the expectation

value of the kinetic momentum will have terms that look like
〈
ΨV
∣∣A
∣∣ΨV

〉
, or

〈
ΨV
∣∣r×A

∣∣ΨV
〉

for

the kinetic angular momentum. These terms contain the information about the high-` components

via the partial-wave expansion of A. In this sense, going to the velocity gauge is like going to the

Heisenberg picture from the Schrödinger picture: information about the state is being shifted from

the wavefunction to the operators that act on it. Unlike the Heisenberg picture, the dependence

has not been fully shifted, and we are left with some time-dependence information in both the

operators and the wavefunction.

So, performing the time evolution in the velocity gauge is more efficient in certain cases, and

leads to the same results. How do we get the velocity gauge evolution operator? We need to go

back to the derivation in Section 2.3.3.1 and switch out ĤLI for ĤVI = A(t) · p̂ = i~A(t) ∂z [80, 81].

The resulting evolution operator is significantly more complicated to work with than the length

gauge evolution operator, and in fact we found that for our particular simulations it provided no

performance benefits because we did not need to propagate the wavefunction out to distances very

far from the nucleus. However, the derivation has been still been included here for completeness,

and because it may be useful in the future.

The first thing we need to do is determine the action of ∂z on a spherical harmonic:

∂

∂z
|`〉 =

(
cos θ

∂

∂r
− sin θ

r

∂

∂θ

)
|`〉 (F.6)

The first term can be computed in the same way technique we used for the length gauge. The

relevant identity is

cos(θ) |`〉 = c` |`+ 1〉+ c`−1 |`− 1〉 (F.7)

c` =
`+ 1√

(`+ 1)(`+ 3)
(F.8)

Using that, the first term is just

cos θ
∂

∂r
|`〉 =

∂

∂r
cos θ |`〉 = c`

∂

∂r
|`+ 1〉+ c`−1

∂

∂r
|`− 1〉 (F.9)
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To evaluate the second term we need to figure out what a θ derivative does to a spherical harmonic.

We need to go one step down and figure out what happens to an associated Legendre polynomial

first. Remember that the spherical harmonics are defined as

Y m
` (θ, φ) = (−1)m

√
2`+ 1

4π

(`− |m|)!
(`+ |m|)!e

imφPm` (cos θ) (F.10)

where Pm` (cos θ) is an associated Legendre polynomial, and is the only term hit by the θ derivative.

There are many ways to write the result, but the recurrence relation

(1− x2)
∂

∂x
Pm` (x) =

1

2`+ 1

[
(`+ 1)(`+m)Pm`−1(x)− `(`−m+ 1)Pm`+1(x)

]
(F.11)

is useful because it recurs at fixed m, which is what we want to eventually get back to in order to

match (F.9). Now we just evaluate the recurrence relation at m = 0 using the chain rule:

∂P 0
` (cos θ)

∂θ
=

1

1− cos2 θ

1

2`+ 1

[
(`+ 1)(`+ 0)P 0

`−1(cos θ)− `(`− 0 + 1)P 0
`+1(cos θ)

] ∂ sin θ

∂θ

= − sin θ

sin2 θ

1

2`+ 1

[
(`+ 1)`P 0

`−1(cos θ)− `(`+ 1)P 0
`+1(cos θ)

]

= − sin θ

sin2 θ

`(`+ 1)

2`+ 1

[
P 0
`−1(cos θ)− P 0

`+1(cos θ)
]

∂P 0
` (cos θ)

∂θ
= − 1

sin θ

`(`+ 1)

2`+ 1

[
P 0
`−1(cos θ)− P 0

`+1(cos θ)
]

(F.12)

Now we multiply by the correct prefactors to turn these back into spherical harmonics:

√
2`+ 1

4π

∂P 0
` (cos θ)

∂θ
= − 1

sin θ

`(`+ 1)

2`+ 1

√
2`+ 1

4π

[√
2`− 1

2`− 1
P 0
`−1(cos θ)−

√
2`+ 3

2`+ 3
P 0
`+1(cos θ)

]

∂Y 0
` (cos θ)

∂θ
= − 1

sin θ

`(`+ 1)√
2`+ 1

[
1√

2`− 1
Y 0
`−1(cos θ)− 1√

2`+ 3
Y 0
`+1(cos θ)

]

∂Y 0
` (cos θ)

∂θ
= − 1

sin θ

[
`(`+ 1)√

(2`− 1)(2`+ 1)
Y 0
`−1(cos θ)− `(`+ 1)√

(2`+ 1)(2`+ 3)
Y 0
`+1(cos θ)

]

∂θ |`〉 = − 1

sin θ
[c`−1(`+ 1) |`− 1〉 − c` ` |`+ 1〉] (F.13)
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Now we can evaluate the second term of (F.6):

−sin θ

r

∂

∂θ
|`〉 =

1

r
sin θ

1

sin θ
[c`−1(`+ 1) |`− 1〉 − c` ` |`+ 1〉]

−sin θ

r

∂

∂θ
|`〉 =

1

r
[c`−1(`+ 1) |`− 1〉 − c` ` |`+ 1〉] (F.14)

Combine the two terms to get

∂z |`〉 = c`

(
∂

∂r
− `

r

)
|`+ 1〉+ c`−1

(
∂

∂r
+
`+ 1

r

)
|`− 1〉 (F.15)

Now we can finally start evaluating the expectation value of ĤVI :

〈Ψ|−ĤVI |Ψ〉 = −
∫ ∞

0
r2 dr

∫

Ω
dΩ Ψ∗ĤVI Ψ

= −
∫ ∞

0
r2 dr

∑

`

∑

`′

∫

Ω
dΩ Ψ∗`

〈
`
∣∣− q

m
A(t) · p̂

∣∣`′
〉

Ψ`′

= i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

∑

`′

∫

Ω
dΩ Ψ∗`

〈
`
∣∣∂z
∣∣`′
〉

Ψ`′

= i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

∑

`′

∫

Ω
dΩ Ψ∗` 〈`|

[
c`′

(
∂

∂r
− `′

r

) ∣∣`′ + 1
〉

+c`′−1

(
∂

∂r
+
`′ + 1

r

) ∣∣`′ − 1
〉]

Ψ`′

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

Ψ∗`

[
c`−1

(
∂

∂r
− `− 1

r

)
Ψ`−1 + c`

(
∂

∂r
+
`+ 2

r

)
Ψ`+1

]

(F.16)

Unfortunately, discretizing this expression does not give a Hermitian matrix [80]. We can get a

better expression by performing integration by parts on the Ψ∗` ∂rΨ`+1 term:

∫ ∞

0

(
r2Ψ∗`

)∂Ψ`+1

∂r
dr =

[
r2Ψ∗`Ψ`+1

∣∣∣∣
∞

0

−
∫ ∞

0

(
2rΨ∗` + r2∂Ψ∗`

∂r

)
Ψ`+1 dr

∫ ∞

0

(
r2Ψ∗`

)∂Ψ`+1

∂r
dr =

∫ ∞

0
r2

(
−2

r
Ψ∗` −

∂Ψ∗`
∂r

)
Ψ`+1 dr (F.17)
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Using this, the expectation value becomes

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

[
c`−1Ψ∗`

∂Ψ`−1

∂r
− c`−1Ψ∗`

`− 1

r
Ψ`−1

+c`Ψ
∗
`

∂Ψ`+1

∂r
+ c`Ψ

∗
`

`+ 2

r
Ψ`+1

]

= i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

[
c`−1Ψ∗`

∂Ψ`−1

∂r
− c`−1Ψ∗`

`− 1

r
Ψ`−1

−c`
2

r
Ψ∗`Ψ`+1 − c`

∂Ψ∗`
∂r

Ψ`+1 + c`Ψ
∗
`

`+ 2

r
Ψ`+1

]

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

[
c`−1Ψ∗`

∂Ψ`−1

∂r
− c`−1Ψ∗`

`− 1

r
Ψ`−1

−c`
∂Ψ∗`
∂r

Ψ`+1 − c`Ψ∗`
`

r
Ψ`+1

]

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t)

∫ ∞

0
r2 dr

∑

`

[
c`−1Ψ∗`

(
∂

∂r
− `− 1

r

)
Ψ`−1 − c`

(
∂Ψ∗`
∂r
−Ψ∗`

`

r

)
Ψ`+1

]

(F.18)

We will now discretize in the radial coordinate. The derivatives will be evaluated using the centered

difference at rj , but thinking of it explicitly as the average of the forward and backwards difference:

∂f

∂r

∣∣∣∣
r=rj

=
f j+1 − f j−1

2 ∆r
=
f j+1 − f j + f j − f j−1

2 ∆r
=
f j+1 − f j

2 ∆r
+
f j − f j−1

2 ∆r
. (F.19)

The reason that we do this is that the forward difference is evaluated at rj+ 1
2

and the backwards

difference is evaluated at rj− 1
2
. The non-derivative terms will be evaluated directly at rj .

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t) ∆r

∑

`, j

[
−r2

j c`−1
`− 1

rj

(
Ψj
`

)∗
Ψj
`−1 + r2

j c`
`

rj

(
Ψj
`

)∗
Ψj
`+1

+
1

2 ∆r
c`−1

(
Ψj
`

)∗(
r2
j+ 1

2

{
Ψj+1
`−1 −Ψj

`−1

}
+ r2

j− 1
2

{
Ψj
`−1 −Ψj−1

`−1

})

− 1

2 ∆r
c`

(
r2
j+ 1

2

{(
Ψj+1
`

)∗
−
(

Ψj
`

)∗}
+ r2

j− 1
2

{(
Ψj
`

)∗
−
(

Ψj−1
`

)∗})
Ψj
`+1

]

(F.20)

We need to push terms containing
(

Ψj+1
`

)∗
and

(
Ψj+1
`

)∗
down and up in the sum, respectively.
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Then we can pull out an overall factor of
(

Ψj
`

)∗
, leaving us with

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t) ∆r

∑

`, j

(
Ψj
`

)∗ [
−r2

j c`−1
`− 1

rj
Ψj
`−1 + r2

j c`
`

rj
Ψj
`+1

+
1

2 ∆r
c`−1

(
r2
j+ 1

2

Ψj+1
`−1 − r2

j+ 1
2

Ψj
`−1 + r2

j− 1
2

Ψj
`−1 − r2

j− 1
2

Ψj−1
`−1

)

− 1

2 ∆r
c`

(
r2
j− 1

2

Ψj−1
`+1 − r2

j+ 1
2

Ψj
`+1 + r2

j− 1
2

Ψj
`+1 − r2

j+ 1
2

Ψj+1
`+1

)]

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t) ∆r

∑

`, j

(
gj`

)∗ [
−c`−1

`− 1

rj
gj`−1 + c`

`

rj
gj`+1

+
1

2 ∆r
c`−1




r2
j+ 1

2

rjrj+1
gj+1
`−1 −

r2
j+ 1

2

r2
j

gj`−1 +
r2
j− 1

2

r2
j

gj`−1 −
r2
j− 1

2

rjrj−1
gj−1
`−1




− 1

2 ∆r
c`




r2
j− 1

2

rjrj−1
gj−1
`+1 −

r2
j+ 1

2

r2
j

gj`+1 +
r2
j− 1

2

r2
j

gj`+1 −
r2
j+ 1

2

rjrj+1
gj+1
`+1
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Now redistribute and collect terms by which g point they are associated with, recognizing the

presence of the same αj and αj−1 we got in the kinetic term (2.3.50) earlier:

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t) ∆r

∑

`, j

(
gj`

)∗

−c`−1


`− 1

rj
+

1

2 ∆r

r2
j+ 1

2

− r2
j− 1

2

r2
j


gj`−1

+ c`


 `

rj
+

1

2 ∆r

r2
j+ 1

2

− r2
j− 1

2

r2
j


gj`+1

+
1

2 ∆r

{
c`−1

(
αj g

j+1
`−1 − αj−1 g

j−1
`−1

)
+ c`

(
αj g

j+1
`+1 − αj−1 g

j−1
`+1

)}]
(F.22)

We are left with some strange-looking terms fractions on the two gj terms, but it turns out they

simplify dramatically:

1

2 ∆r

r2
j+ 1

2

− r2
j− 1

2

r2
j

=
1

2 ∆r

(
rj + ∆r

2

)2 −
(
rj − ∆r

2

)2

r2
j

=
1

2 ∆r

r2
j + 2

rj ∆r
2 + ∆r2

4 − r2
j + 2

rj ∆r
2 − ∆r2

4

r2
j

=
1

2 ∆r

2rj ∆r

r2
j

1

2 ∆r

r2
j+ 1

2

− r2
j− 1

2

r2
j

=
1

rj
(F.23)
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With this simplification, the expectation value becomes

〈Ψ|−ĤVI |Ψ〉 = i~
q

m
A(t) ∆r

∑

`, j

(
gj`

)∗ [
−c`−1

`

rj
gj`−1 + c`

`+ 1

rj
gj`+1

+
1

2 ∆r

{
c`−1

(
αj g

j+1
`−1 − αj−1 g

j−1
`−1

)
+ c`

(
αj g

j+1
`+1 − αj−1 g

j−1
`+1

)}]
(F.24)

From this sum we can extract the single-gj` interaction propagator in two pieces, the first which is

tridiagonal in `, and second which couples the radial and angular coordinates to each other and is

not purely tridiagonal in either mesh unwrapping:

−
[
HV

1 g
]j
`

= i~
q

m
A(t)

1

rj

[
c`(`+ 1)gj`+1 − c`−1` g

j
`−1

]

−
[
HV

2 g
]j
`

= i~
q

m
A(t)

1

2 ∆r

[
c`−1

(
αj g

j+1
`−1 − αj−1 g

j−1
`−1

)
+ c`

(
αj g

j+1
`+1 − αj−1 g

j−1
`+1

)]
(F.25)

Now that we have the interaction Hamiltonian matrix operators, we need to figure out how

to apply them. Unlike the length-gauge interaction Hamiltonian matrix operators,
[
HV

2 g
]j
`

is not

tridiagonal in either wrapping direction. We can handle
[
HV

1 g
]j
`

with the techniques described

in Section 2.3.3.1, but we’ll need a slightly more involved technique for
[
HV

2 g
]j
`
. Roughly, one

performs the same splitting as above twice; see [81] for details.

G IDESolver

While investigating the possibilities of the IDE-based ionization model (see Section 2.5), we found it

necessary to numerically solve the model quickly and efficiently. Initially, we simply used RK4, but

found it to be computationally expensive and unwieldy. In particular, working with IDE models

that included vector potentials involved writing tricky code.

It became obvious that, although using RK4 as a giant hammer on our round peg was providing

good results, we should look for a more appropriate solution. This led us to an iterative scheme

devised by Gelmi and Jorquera [91], where the solution to an integro-differential is successively

approximated. Although derivatives and integrals need to be performed many times during this

procedure, one does not have to solve a combined integro-differential equation at any point.

Their algorithm is quite general, but their reference implementation was in MATLAB. We
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decided to write our own implementation in Python, which eventually became IDESolver, a separate

package in its own right that implements Gelmi and Jorquera’s algorithm as a flexible Python

package, styled after SciPy’s differential equation solvers [1].

The IDESolver algorithm solves integro-differential equations of the form

dy

dx
= c(y, x) + d(x)

∫ β(x)

α(x)
k(x, s)F (y(s)) ds, (G.1)

x ∈ [a, b], y(a) = y0

First, we generate an initial guess y(0) by solving

dy(0)

dx
= c(y(0), x) x ∈ [a, b], y(0)(a) = y0 (G.2)

using a standard differential equation solver. Next, generate another guess by solving

dy(1/2)

dx
= c(y(0), x) + d(x)

∫ β(x)

α(x)
k(x, s)F (y(0)(s)) ds, (G.3)

x ∈ [a, b], y(1/2)(a) = y0

Note that, again, this is just a normal differential equation (not integro-differential), because y(1/2)

does not appear on the right-hand side. Now we compute a global error estimate G(y(0), y(1/2)),

which by default is

G(a, b) =

√∑

xi

|a(xi)− b(xi)| (G.4)

At this point, this most likely does not represent the “real” global error compared to the solution.

Instead, it is simply a measure of how different the two trial solutions are. If G is smaller than the

cutoff, we accept y(1/2) as the solution. If G is larger than the cutoff, we smoothly combine the two

solutions into a new trial solution to take the place of y(0):

y(1) = αy(0) + (1− α)y(1/2) (G.5)
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where α = 1/2 by default. This smoothing helps prevent wild jumps between iterations. One

iterates the above procedure, solving

dy(i+1/2)

dx
= c(y(i), x) + d(x)

∫ β(x)

α(x)
k(x, s)F (y(i)(s)) ds, (G.6)

x ∈ [a, b], y(i+1/2)(a) = y0

and producing a new y(i+1) until G falls below the given cutoff, at which point you stop the iteration

and accept y(i+1) as the solution.

We confirmed that this algorithm does produce the same results as our single-pass RK4 solver.

Unfortunately, we also confirmed that it is slightly slower, and that because it uses global instead

of local error control, it was more difficult to determine the correct parameters to get a satisfactory

solution. Ultimately, we continued to work with the simple, straightforward RK4 solver.
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